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I (20%) Suppose that a random variable X has pdf

6x(1—x), 0<x<1
fx () = { 0, elsewhere

Let Y be asecond random variable, where ¥ = 2X + 1.
‘What is the pdf for Y?

2, (10%) Suppose that X and Y are independent random variables with the standard
deviations oy = 3 and oy = 4. Let Z= Y — X. Find the covariance Cov(X,Z) and
the correlation p(X,Z) of X and Z. S

3. (20%) A coin is thrown independently 10 times to test the hypothesis that the
probability of heads is 1/2 versus the alternative that the probability is not 1/2. The
test rejects if either 0 or 10 heads are observed.

(a)k What is the significance level of the test?
(b) Ifin fact the probability of heads is 0.1, what is the power of the test?
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4. In a manufacturing company, a new method to perform a production task is introduced. The company want to see if
the new method can significantly reduce the mean task completion time. In choosing the sampling procedure used to
collect task completion time. A matched sample design is used. Seven workers are randomly chosen to use the
traditional and new method separately to complete a production task. Task completion times from each worker are
recorded (in seconds) in the following table. It is assumed that the task completion time follows normal distributions.

Traditional method 56 66 67 58 69 62 63
New method 46 60 67 52 60 55 57

(1) (3%) Suppose that the task completion time using the Traditional method follows a normal distribution,
N(u,,07). Use the data from the table above and find a 95% two-sided confidence interval for the

population variance, o (use the data from Traditional method row only).

(2) (10%) Analyze the data from this table. Formulate the hypotheses that can be used to determine if the new
methods can significantly reduce the mean task completion time? Use « =0.05. Explicitly present your null
hypothesis, test procedure and conclusion.

5. A cardboard cans manufacturer recently purchased a new machine for producing cardboard cans. He would like to
conduct a hypothesis testing to see if the fraction of nonconforming cans, p, produces by this machine is acceptable.
A nonconforming can may leak around the bottom of the can. To conduct this test, he decides to take a sample with
sample size, n, from the manufacturing process and thus the number of nonconforming cans (X) in this sample is a
random variable. If there are more than » nonconforming cans in the sample, he will conclude that the fraction of
nonconforming cans is not acceptable and he has to adjust the settings of this machine. However, he does not know
how to choose appropriate number of # and 7.

(1) (16%) Use the normal approximation of the distribution of X and use the following conditions to determine the
smallest value of n and the corresponding value of #: '
(i) If the true fraction of nonconforming cans is 0.1, the probability of X >7 is smaller than 0.05.
(ii) If the true fraction of nonconforming cans is 0.2, the probability of X =7 is greater than 0.95.
Find the closest positive integer combination of » and r satisfying the previous two conditions.

(2) (4%) Based on your solutions in (1), to test H,: p <0.1, the rejection region is {X >r}. When p=0.25, what
are the probability of Type II error and the power of this test?

6. The following data is from a completely randomized design.

Treatments
A B C

162 142 126

155 145 124

153 140 122

165 155 138

170 155 135
Sample mean 161 147 129
Sample variance 50 51 50

(1) (6%) Before conducting an ANOVA analysis to the data, what are the assumptions required for the observed data?

(2) %) Use the data from the table, at the a =0.05 level of significance, set up the ANOVA table and test \
whether the means for the three treatments are equal?
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Percentage points of the t-distribution

Area or
probability Entries in the table give 7 values for an area
or probability in the upper tail of the ¢
distribution. For example, with 10 degrees
of freedom and a .05 area in the upper tail,

5 — tos = 1.812.
. Area in Upper Tail
Degrees
of Freedom 20 10 05 025 01 005
1 1.376 3.078 6.314 12.706 31.821 63.656
2 1.061 1.886 2.920 4.303 6.965 9.925
3 978 1.638 2.353 3.182 © 4.541 5.841
4 941 1.533 2.132 2.776 3,747 4.604
5 920 1.476 2.015 2.571 3.365 4.032
6 .906 1:440 1.943 2.447 3.143 3.707
7 896 1.415 1.895 2.365 2.998 3.499
8 889 1.397 1.860 2.306 2.896 3.355
9 883 1.383 1.833 2.262 2.821 3.250
10 879 1.372 1.812 2.228 2.764 3.169 -
11 876 1.363 1.796 2.201 2.718 3.106
12 873 1.356 1.782 2.179 2.681 3.055
13 870 1.350 1.771 2.160 2.650 3.012
14 868 1.345 1.761 2.145 2.624 2.977
15 866 1.341 1.753 2.131 2.602 2.947
16 865 1.337 1.746 2.120 2.583 2.921
17 863 1.333 1.740 2.110 2.567 2.898
18 862 1.330 1.734 2.101 2.552 2.878
19 - .861 1328 . 1.729 2.093 2.539 2.861
20 860 1.325 1.725 2.086 2.528 2.845
21 859 1.323 1.721 2.080 2518 2.831
22 858 1.321 1.717 2.074 2.508 2.819
23 858 1.319 1.714 2.069 2.500 2.807
24 857 1.318 1.711 2.064 2.492 2.797
25 856 1.316 1.708 2.060 2.485 2.787
26 856 1.315 1.706 2.056 2.479 2.779
27 855 1.314 1.703 2.052 2.473 2.771
28 .855 1.313 1.701 2.048 2.467 2.763
29 .854 1.311 1.699 2.045 2.462 2.756
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94
v 0.995 0.990 0.975 .95 0.50:4 0.050 0.025 4.010 0.003
1 000+ 0.0 + 0.80 + 0.00 + (345 334 .02 6.63 738
2 .01 0.02 0.05 0.10 139 5.59 7.38 9.21] . 10.60
3 0.07 0.1 0.22 (.35 2.37 7381 933 11.34 [2.84
4 321 0.30 (.48 0.71 3.36 949 [114 13.28 14.86
5 .41 0.35 0.83 1.15 4.35 11.07 12.38 1509 16.75
6 (.68 0.87 1.24 1.64 3.35 12.59 1445 16.81 18.55
7 (.99 1.24 {.69 217 635 - 1407 16.01 18.48 20,28
8 1.34 1.65 218 2.73 134 1551 17453 2008 21.96
9 1.73 208 270 3.33 8.34 16.92 19.02 21.687 2359
10 2.16 256 325 3.94 934 1831 2048 2321 2519
{1 2.60 3.05 3.82 4.57 134 19.68 2192 2472 26.76
12 3.07 3.57 440 523 I1.34 2103 2334 26.22 28.30
13 3.57 4.11 3.01 5.89 12.34 2236 2474 2769 2982
14 4.07 4.66 5.63 6.57 13.34 2368 2612 2914 31.32
15 4.60 5323 627 7.26 14.34 25.00 2749 30.58 32.80
6 5.14 5.81 6.91 7.96 15.34 26.30 28.85 32.00 3427
17 5.70 6.41 1.56 3.67 [6.34 21.59 30.19 33.41 3572
18 6.26 7.01 8.23 9.39 17.34 28.87 3153 34.81 37.16
19 6.884 7.63 891 10.12 18.34 o4 - 3285 3619 3858
20 143 8.26 9.59 10.85 19.34 31.41 37 37.57 40.00
25 1052 11.52 13.12 14 61 24.34 3765 40.65 44.31 46.93
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Percentage Points of the F Distribution
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