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1. (40 points) Given x;, Y;, i = 1,2, ... ,n, independently follows N([Jo+{JJX;, d), f3o and [31 

unknown, but d known. Also, not all the x;'s are equal, Lf::1 Xt = 0, n~2. 

(1) (8 points) Find the joint sufficient statistics for ([Jo, [31). 

(2) (8 points) Find the maximum likelihood estimators (MLEs) of ([Jo, [31), say(p0, P1). 

(3) (8 points) What is the joint distribution of CPo. P1)? 

(4) If, for given x;, Yi, i=1,2, ... ,n, independently follows Bernoulli (f.li, p; (1- pJ ), 
where 

ef3o+f3lxi 

lli = l+ef3o+f31xi' 

(a) (8 points) Show that (LP=1 Yi, }:p=l xiYi) is sufficient for ([Jo, [JJ). 

(b) (8 points) Find the likelihood equations. Show or argue that the MLEs of ([Jo, [31) 

are functions of the sufficient statistics o:r=l yi I rr=l Xi Yi). 

2. (20 points) Let X and Y be two independent random variables coming from Poisson 

distributions with parameters E(X) = AI, E(Y) = A.2, respectively. 

(1) (10 points) Find the conditional distribution of X]X+ Y=m. 

(2) ( 10 points) Suppose we have two random samples X1, X2, ... I Xn and Y1, Y2, ... , Yn 

coming from Poisson(A.1) and Poisson(A.2), respectively. We are interested in testing 

Ho: A.!IA.2:S1 vs H1: A1/A.2> 1. Consider XIIX1+ Y1=mJ, X2IX2+ Y2=m2, ... , XniXn+ 

Yn=mn. Based on.X;I.X;+ Y;=m;, i=l,2, ... ,n, construct an (conditional) uniformly 

most power test with level a.. 

3. (24 points) 

(1) (6 points) LetXbe a continuous random variable with cumulative distribution 

function Fx. Show that U = Fx(X) follows an uniform distribution, U(O,J). 

(2) (6 points) Show that -2/nUfollows a chi-square distribution with 2 degrees of 

freedom. 

(3) (6 points) Let T(X) be a test statistic (with some probability density function) in 

testing Ho: B = Bo vs H1: () > Bo. The critical region for the test is determined by 

P(I'(X)) ~c) = a., 

()tiiJ1.7j~,l!gJ '1!1.it~fl:$) 
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where a is the level of significance, c is some constant. Show that 

p-value = P(I'(X) c t(x)) 

follows an uniform distribution, where t(x) is the observed value of T(X). 

( 4) (6 points) Let P1, P2, ... , Pn be the p-values obtained by n medical centers in testing 

Ho: () = Oo vs HI: B > Bo. It is known that all the medical centers follow the same 

protocol in collecting the data. How to merge the above n p-values into one 

quantity so that the test Ho: () = Bo vs HI: () > Oo can be performed more 

effectively? 

4. (16 points) 03 lit%~ ¥~:1-1f;J'4l.Jt~ 'lli~ .1¥-~ 03 ~ .=.t.a.:#-J't7 W-J :Q(ff. Jfl A..iLt:.itJtf ;htP 

Ji. ~ .1f-*t 1 t. {1-J 1~lt foJ 0 ~ 1 F;1 J1:. J't7 if.t A;f~ IE ' t* ~ LtJHi. {1-J lltJ.S 4it '* ;f~ IE ~ ~ ~ ~1 
k·~ffli-J •• ofift~~~'~t~li-J-.j.A..o~~~p·~-·Ji.~~-~ 
~M~Fii·ti..&.l.tli-J~$ (ljt~J.i. • sensitivity) ~ s' ~i.~~·Ji.~lt~4~~·J~Ft·ti 

..&.J.t li-J ~if> ( B)} 4& • specificity) ~ q o 

(1) (8 points) ~R-=k~~;tf'f ~JJtl%-·ti..&.fi.f. ' 1~:f:'t J:.~~*-•.j.li-J.tl$ ' l!p~~ 
$ (false positive rate) o 1£p = 0.05, s = 0.9, q = 0.9 r • -=.kAft~Mli-J~!%-41~ 
1iiJ ? 

(2} (8 points) -i±.(a) t P!T~li-J~~$ ~~EAtt~ • ~11&~~${1-J-100~ ~~ :t:fi~~ o 

~"R~-* 2 =k ~~~·tt · :f:'t J:.At*-•-i-li-J~~$ o ~R1£p = o.o5, s = 0.9, q = 0.9 

r€t-J~~if>o 


