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( l) ( 101
){;) Lf~t a random varia hk .. X have the probability d<msity function (pdf): 

.f(;r) = ( 
1 

.. , ~ -oo~< :r < oc. 
7r l + ;r-) .. 

Set Yn = cos(X/n ). Shmv that l/;; converges in probability and d('termine the limit as 
n -too. 

(2) Let X = (X 1, •.• , x·,d he• a random samplP from a distrilmtion \Vith pdf given by 

CJ.'c-1 
f(;tiO) = ·fie e-(:r-/fJ)cJ(:r > 0), 

where c > 0 is knmvn. 

(a) (5%) Find the llltifonnly minilnu1n variance unbiased c~thnator (Ul\tiVUE) for 0. 

(h) (10%) Find t.he uniformly most powerful (ll)vlP) test of size (.l for testing 

Ho : 0 < Oo versus H1 : 0 > Oo. 

where fio is a positive constant. 

(:3) (10%) Suppose we haw~ a sa1nplP of size n from a distrilnltion with th(' cumulative 

distribution function ( edf) given h)• 
. :r 

.f'(J.·!o~ ,3) = 1,;~1(0 < J: < /J) + l(:r > ;3). rt: > o~ .B ~"'· o. 
,;.J 

Find the .NILE~s of o: and /1. respectiV('ly. 

(4) SnpposH X = (X1, X 2 )' has a bivariate normal distrihutic>n \\dth mean vector /1· and 

cov;:uiance matrix, L: = (1 - p)h + p./2. where h is a.n identity tnatrix of order 2, and 

J2 is a 2 x 2 m.atrix of l's. Let Q1 = (X1 - X 2) 2 and CJ2 = (X1 + .X2 f~. 

(a) (5%) Derive the range of p. 

(b) ( 5%) Find the distributions of Q1 and (2:!,, n~spectiw)ly. 

(c) (5%) Are Q1 and CJ2 independent? .Justify your answer. 

(5) Suppose X 1 , X 2, .... Xn is a rand(nn sample having onP parameter Topp-Leo1w tlistri

hution whose pdf is given by 

f(;r) = 8(2- 2:r)(2:f- :r2) 0- 1• 0 < :t• < 1. 8 > 0. 

wlwre ()is the shapP parametPr and we write Xi rv TL(O). 
{a) (5%) Find tlu' cdf of X. 

(h) (l 0%) A prior for the parameter H is assumed t(J be 
] 

n(fJ) oc 0. fJ > 0. 

Find the Bayes estimator and risk of 0 1.mder squared error loss function (SELF). 
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(e) (5%) SuppoRe X"' TL(fJt) andY"' TL((h.) and X andY are independent. \Ve 
define the stress-strength parameter as 6 = P(X > J:r). Please expre-ss 8 in terms 

of 81 and fh. ""' 
(G) Suppose tha.t X1 .... ~ Xn iR an independent and. ldentkally d.istributed (iid) sample 

. with size n from the Poisson distribution \vith mean .A. 'Ve are interested in estimating 
e = P(Xt = 0) = e-.x. Consider tho f<Jllowing two estimators: 

'[' '1. = (,-Xn r1·'2 = -.]. ~ J{ v,. = ()} ··n · · n L..J· .. /\.1 • 

n · .. 1 'I= 

where Xn = * 2:::~1 Xi and I{·} is the indicator function. 
(a) (5<X) Find the asymptotic distribution of T,!. 
(b) (5%) Find the asymptotic distrihntion of 1~7. 
(e) (5%) \Vhich estimator is more efficient in estimating e \vlwn a largc> sample size is 

availablr~·? Show your ilrgunwnt. 
(7) Let X 1, .... Xn be a sample fi·om probability mass fnnetiou 

(a) 

(h) 

P(x
r 

1
. {tr. k=L2,. .. ,N, - -·) - :~ 

· - ·· - 0. otherwb('. 

(59'(,) Find the maxinnnn likelihood estimator JV of N. 
.~ ( k )n (5%) Show that P(N > k~) = 1- ;\> fork~= 1. 2~ ... ~ N. 

(e) (5%)) For sample size n = 2. eompute E[1V]. 


