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&t 165 F1R - 2K

1. (25%) Find the answers

/2 ,
(1) (5%) f sin” x cos® x dx
0x

3 p2 x
2) (10% ff cos dydx
@am || Gro) @

1 f1-x?% p1-x-y
(3) (10%) f f f (x% +v?) dzdydx
~1J—V1-x2J0

2. (10%) Prove that

1 1
Zn!(n+2)_§

n=1

3. (10%) Consider the region in the xy-plane bounded by the curve
_ sinx _
Y= 3 cos?x
the x-axis, and the vertical lines x = 0 and x = 7. This region is revolved about the y-axis to form a solid. Suppose
the volume V of this solid can be expressed in the form

where a and b are real constants. Find (a, b).

4. (10%) Compute the surface area S of the solid formed by revolving the graph of
y = e%, 0<x<1,

around the x-axis.

5.(10%) Let Q bean m X n real matrix with m >n and Q7Q = I,, where I, isthe n X n identity matrix. Define
P =QqT.

(1) (5%) Find det(P).

(2) (5%) Determine all the eigenvalues of the P, listing each with its multiplicity.

(Please detail your calculations)
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6. (10%) Suppose A isan n X n complex matrix that is diagonalizable, and all of its eigenvalues lie in {0,1}. Find
the smallest integer k > 2 such that A*¥ = 4 holds for every such matrix A. Give a detailed explanation of how you

arrive at your-answer.

7.(25%) Let B, bethe m X n Pascal matrix whose entries are given by

i+j—2 .
pi.=( iil ) fori,j € {1,2,..,n}.

(1) (5%) Let n = 3. Fin the eigenvalues of the Pascal matrix P;.

(2) (10%) Prove that B, admits an LU-decomposition B, = L, U,. Specifically, let L, (lower triangular) and U, (upper
triangular) be defined by

A -1\ .,
Lij:i(i—l) LZ]; Uij=§(i_1) ]Zl
0 i<j 0 j<i

Show that B, = L, U, by verifying these products reproduce the entries of Fy.

(3) (10%) Suppose n is even. Prove that the eigenvalues of P, occur in reciprocal pairs (i.e., if A is an eigenvalue, then

sois 1/4).




