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Please write down all your work.

1. Let f(z) = e_l/’”z, « # 0 and f(0) = 0. Prove that f is twice differentiable at 0. ( 10%)

2. Find the derivative dy/dz, if exists. ( 15%)

(a) y=In|l - sec_zx| (b) z = sin" ! zy (¢) y = | sinz|*"®
3. Find the following limit, if exists. (15%)
=1 (k=1 L p1 - |
(a) nli’ngoz - sin = (b)nlvl_‘ngo Z(—-l) % (C)nl—l-—»nc}o stm %
k=1 k=1 k=1
T zsinz
. Fi ing i ——— dz. (10%
4. Find the following integral /(; T oo?s (10%)
Hint: Use z =7 — .
o0 (_1)k$2k+1
5. Show that tan 'z = z ~——t———— for |z| < 1. Then find out the value of (10%)
L= 2k+1
o111
3 5 7 9

6. The region R is bounded by z? + zy + y* < 1. Prove that ( 10%)

' —(z2+xy+y2)d3d _ Er_( -1)
€ = e .
/fn IV

Hint: Let T = ucoso — vsine, y = usina + vcosa for some «, then let u = ap cos @,
v = bpsin ¢ for some a and b.
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7. Let W = span {(1,0,1),(0,1,0)} in R3. (10%)
(a) Find a basis for W+.

(b) Show that vectors (1,0, 1), (0,1,0) and the basis for W+ from part (a)
form a basis for R,

(c) Write the vector v = (1,2,3) as w + u with w in W and u in W+.

8. Answer each of the following as true (T) or false (F). Justify your answer. (20%)

(a) A diagonal matrix is nonsingular if and only if none of the entries on its
main diagonal are zero.

(b) Let L : R® — R!° be a linear transformation defined by L(x) = Ax for x in RS.
If dim(range L) =3 , then dim(Ker L)=T7.

(c) The columns of a 5 x 8 matrix whose rank is 5 form a linearly dependent set.
(d) If A is an n x n matrix that is row equivalent to I,,, then A is singular.
(e) If A is an 3 x 3 matrix and |A| = 3, then |14} = §.

(f) The linear transformation L : P, — P, defined by L(at® + bt +¢) = 2at + b
is one-to-one. ,

(g) If A is a singular matrix, then A? is singular.
(h) det(ABC)= det(BAC)
(i) If A is an n x n matrix such that 42> = O, then A = 0.

(j) A diagonalizable n x n matrix must always have n distinct eigenvalues.

£ yE'%’LE




