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L. (7 points x 6 =42 points) Let X =(X,,X,)" be a random vector distributed as
trinomial (n, py, p,), 0< X, +X, <X, 20,i=12,0<p, +p,<1, p,>0,i=12.

1 For n=1, write down the probability mass function (p.n1.£) of X . Find the
marginal p.m.f of X,.

2. (Continued) Find E(X,),i =12, andCov(X,, X,)

3. For general #, find the conditional distribution of X, | X, = x,.

4. (Continued) Find E(X, | X, = x,) and verify that E(X, | X, = x,) can be writien
ina linear form B, + fx,.

5. (Continued) The £ and 3, are functions of E(X,),Var(X,),i =1,2,and

Cov(X,, X,). Verity that

. - Var(X,
o = 8o(BUX,)Var(X,),i=12,Cov(,, X,)) = E(X,) - Corr(X,  X,) é’%&ﬂxz)

and

Var(X,)
Var(X,)’

B, =g (B(X,)Var(X,),i =1,2,Cov(X,, X,)) = Corr(X,, X)),

where Corr(X,, X, s the Peatson correlation coefficient of X, and X,

6. Prove or disprove that Var(X,) =Var(E(X, | X))+ E(Var(X, | X,)).
II. (8 points) Let.X,, X,, X, be i..d. sample from a gamma distribution with p.d.f
et

fx(xml)=T,x>O. 7 >0

Find the distribution of X, = (X, + X, + X,)/3

TL (7 points x S = 35 points) The R&D Department of ABC Group wants to
establish a model for its petroleum industry about equipment VOCs leak emission rate
50 that a better sampling plan can be designed. It is known that the VOCs leak
emission rate X for LF follows a | 1 distribution, i.c.,

Y=InX ~N(uy,07). If we have a random sample ¥, ¥,,....¥,

! Find E(O)andbar(X)  (F @AM B H@rEL)
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2. Based on¥,,¥,,...,Y,, find the MLEs of 44, and o}, and the MLE of

E(X)=g(ty,07)
3. Itis hoped the estimated refative error rate, defined as

B0~ E(X) _ 2(uy,00) - gy ,0%)
E(X) g(uy,0})

should be less than © with confidence level larger than 1-a . Let the MLE
of (uy,07) be (fiy ,67)

(1). Find the distribution of v/ (4, — s, ). Find the asymptotic distribution of
V(67 -ot)

(2).It can be shown that

B ), BT 4
L 7

Huy.01)-8(y,07) = Ay =)+ -a7)

Show that V(g (uy,a?) - guy,0l)) asymptotically follows
( PRYSE 2y)2 ‘)
MO, (8uy oDy o +5 (g .o))of).

where g(44y,,07) is the MLE of g(u,,07)
(3). For given z1, 0} and 0<a <1,7, find the minimum value of » such that

(| k0D =80 0N | Y5y
8(uy,0f)
1V. (15 points) Suppose we observe x and want to test
Hy:xisfrom f, vs. H,:xis from f;
where

x| 1 2 3 4 5 6
x| 000 018 002 025 0.02 052
£@)| 00 010 008 022 020 030

1. (8 points) Find the most powerful (MP) test for H, . fy, vs. H,.f ato=

0.05. Find the power of the test.
2. (7 points) If we set o = 0.10, what is the MP test? What is the power of the test?




