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1. (18%) Solve the following differential equations:

dy x+y-5
M. F=r2=
dx x-y+1

1
an. x*y" +xy' —y= ot

2. (16%) Find the solution of the initial value problem

dl
IS0, y0=0,  yo=0

where £{f) is Jefined as

1 for 0<t<nm
)= and  f(t+27) = f(¢).

-1 forr<t<2x

3. (14%) Find the eigenvalues and associated eigenfunctions of the differential
eguation
Y'+2y' +(1+ o)y =0
subject to the boundary conditions y = 0 at x = 0 and x = . Verify that the

eigenfuctions are orthogonal with the weighting function w(x) = ¢?*.

4. (16%) Two identical simple pendula are connected by an elastic spring as shown
in Fig. 1. For small oscillations the equations of motion are
ml6, = -mg6, - ki(6, - 6,),
ml6, = —mg6, + ki(6, - 6,).
Find the natural frequencies and normal modes of vibration, and find the general

solution of the system.
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5. (18%) Use residues to evaluate the following integrals

 XSinax
- x* +4

. j d, (a>0),

" 20
— 0% e,

0 1-2acos@+a’ (-I<a<).

an.

6. (18%) Heat conduction in a bar with insulated ends is modeled by the boundary

value problem

YR

E=“zb¢—? (O<x<L, t>0),
Py u

Z0n=2(Ln=0 (t>0),

u(x,0)= f(x) (0<x< L)

where u(x, t) is the temperature distribution, a is a constant.

(I). Let u(x, ) = X(x)T(¥) to solve this problem.

2
(II). Find the solution for f(x) = co:(-—zg) .






