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1. (14 %) Determine whether the following statements are true (T) ot false (F)? (A reasoning is required.)

a b ¢ i h g
(1) (%) If det (Ed e fD = —3, then det( f b aD =
. g h i lc e d
x 1 x 3
(2) (2%) If we have the polynomial f(x) = det 71( % ; z?ff , then the coefficient of the term
) 2 —3x 2 2x

x* is 24.
(3) (2%) If 4 and B are two n X n matrices with trace(d) =—2 and trace(B) =3, then
trace(44 — 2B + 6BT —347) = 12.

(4) (2%) The tansformation of the orthogonal projection on the x-axis in R? is one-to-one

transformation.
(5) (2%) Given a 4 X 4 matrix A. If we have b= (1) -a; + (=3) 2y +(2)-ag + (—2)-a,
1
where a; denotes the i-th column vector of 4, then X = :g" is the solution of equation 4x = b.
2

; . , ) o a; a
(6) (2%)Let M,; denote the vector space consisting ofall 2 X 2 matrices. If 4 = [a_i az] and B =
by b define (A, B) =azb b, + asb b,. Now; if we hav A—[i 2] and|

by b4’We efine (4, B) ='a;b; + ayb, + azb; + a,b,. Now; if we have 4 = 5 4] an

3 2
0 5

(7) (2%)IfAisa 4 x 3 matrix of rank 1, then the dimensions of N(A4") is 3.

B=[> %] are 4 and B lincarly independent?

1 4 5 2
2. (10%) Given a matrix A4 = [ 2 1 3 0], please find (1) (2%) the row space of 4; (2) (2%) the
1 3 2 2 ” :

column space of 4; (3) (2%) the null space of 4 ; (4) (2%) the rank(A); (5) (2%) the nullity(4).

2 0 1
3. (15%) Let A=|1 1] and b = [0], Please (1) (5%) use the Gram—Schmidt process to find an
2 1 3

orthonormal basis for the column space of 4; (2) (5%) factor A into a product @R, where Q has an

orthonormal set of column vectors and R is upper triangular; (3) (5%, solve the least squares problem

Ax = b.
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4.

(20%) Suppose that A4 is a 3 X3 matrix with eigenvalues A; =0, 4; =—1 and A3 =1, and

corresponding eigenvectors
. 1 1 o
Vq = -1 (/11 = 0);V2 = O} (Zz = '—‘1),Vg = [ 0 :l (/13 = 1)
0 2. -1
(1) (5%) Find the riatrix A.

2) (5%)Find A%

3403}

- = AY(t),t > 0 with the initial

(3) (5%) Find the unique solution of the differential equation

1
condition Y(0) = {0]
0

(4) (5%) Find ¥(oo) =?

(16%) Let V = R,, denote the set of non-negative real numbers. Define the operation of addition,
denoted by @, x @y = x+ ¥ (the regular addition of x and y) for all %,y € V. Défine the operation

- of scalar multiplication, dénoted by &, « ® x =x% foreach x € V and for any « € R. Thus, for this

system, the addition of 2.5 and 4.3 is given by:
2.5 @ 4.3 =2.5+4.3 =6.8,

- and the operation of s¢alat multiplication of —2 and Ilﬁ is given by:

.1 1 -2
—2®T5 = (E = 100.

Is (V,®,®) avector space? Prove your answer.

2 0 .
(10%) Given two vectors X = [0} and y = IOJ, please find the véctors p and z suchthat x=p+z
11 1

with plly and z L p.

(15%) Let' Py denote the vector space of polynomials of degree less than 3. And, the operator L; P3 — P
is defined by L (f(x)) = xf(1) + f'(£). (where f'(x) & 2T& -

(1) (5%) Find the matrix 4 representing L with respect to the basis {xz, X, 1}

(2) (5%) Find the mattix B representing L with respect to the basis {xz +1,2x+1, 1}.

(3) (5%) Find the matrix § such that B = §~148.




