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1. (12 points)
Evaluate the following integral

2.1
/ ::3 ha ; dz, C: Iz - %I = 1 (Clockwise)
c 2 —

2. (12 points)

The gamma function I'(z) is defined as

o0
I'(z) E/ t*"le~t dt, for z>0.
0

a). Deduce and explain
I'(z)=(z - 1)(z - 1) for z>1

and
F(n)=(n-1)! (4 points)
b). From “a)”, define I'(z) for x < 0. Compute I'(1/2) and then I'(—1/2). (4 points)
¢). What are the singular points for I'(x), —oo < # < co. Explain why. (2 points)
d). Evaluate

I= / e dz. (2 points)
0

3. (12 points)
The vibration of a membrane is governed by the following equation

_6_2__w_+62w_62w
57 * o = o

a). Find the lowest mode of the square membrane with vertices at (0,0), (x,0), (7,7) and
(0, 7). (4 points)

b). Use “a)”, find the lowest frequency of vibration of a triangular membrane with vertices
at (0,0), (n,0), (7, 7).
Hint: Consider the lowest mode of the square membrane that has y = r as a nodal line
(i. e., w =0 along y = z). (8 points)

4. (12 points)
Consider a constant matrix A, A € R"*", Az = b where z € R"*!, b€ R"*!
a). For any b, b # 0, if solution z exists, what condition should A have.
b). For b =0, if solution z exists, what condition should A have.

2 -1

c). Let A= [_1 1

] , find the eigenvalues and eigenvectors.
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5. (12 points) )
f(t) is a periodic function of period T' and can be represented by a Fourier series

oo .
2nxw . 2nw
ft)=a,+ ";1 (a,, cos Tt + b, sin -—T—t)
a). Derive the expressions for the Fourier coefficients a,, an, bpyn=1,2-..

b). Using e** = cosf + isin @, where i = v—1, show that f(t) may be written as

f(t): f: cnei2mrt/T

n==00

and give the expression for the complex Fourier coefficients c,,.
¢). Using the result from “a)”, find the Fourier series of

fty=1ltl, -2<t<2,  ft+T)=f(t) and T=4.

6. (14 points)

a). Find the Fourier transforms F(k) of the following functions f(z):
i). f(z) = delta function é(z)

.. _ . _Je* ifzx >0

ii). f(z)= decaying pulse = 0, 220

b). Solve the differential equation
du + au = h(z)
o tau=h(z
by taking Fourier transforms to find U(k). What is the solution u if h(z) = §(z)?

7. (12 points)
Solve the differential equation

s Er (Spmen, =2

8. (14 points)
a). Find a unit vector perpendicular to the surface

$2+y2+22=3

at the point (1,1,1).
b). Derive the equation of the plane tangent to the surface at (1,1,1).




