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1. The Fourier series of a function f(x) with period 21 is given by

f(x)=aq, +i(an cosnx+b, sinnx), i

n=1

where
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(a) Find the Fourier series of the function f(x) (10 %).
(b) Explain the meaning of the obtained coefficients a, and b, . (5 %)

2. Give a nonhomogeneous equation and its corresponding homogeneous equation
y +p(x)y +q(x)y=r(x) ey

Y +p(x)y +q(x)y=0 ©)
Prove that
(a) The difference of two solutions of Eq. (1) is a solution of Eq. (2). (7 %)
(b) The sum of a solution of Eq. (1) and a solution of Eq. (2) is a solution of Eq. (1). (8 %)

3. (a) Solve the least-squares linear system Ax=b. (15%).
(b) Explain the geometric meaning of least-squares solutions. (5%)

5 4
A={3 1, b=|-2
-2 4 -3

4.  (a) Find the singular value decomposition (SVD) of matrix A. (15%)
(b) Introduce an application of SVD. (5%)

3 2 2
A=
b
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5. An elastic membrane (B % 3§14 &4 # 8) in the x;x,-plane with boundary circle x? + x2 = 1 (see the
figure) is stretched so that a point P: (x;,x;) goes over into the point Q: (y1,v,) given by

S M

Find the principal directions of the deformed membrane. (15%)

%, -~ Principal direction

Elastic membrane

Stretched elastic
membrane

X1

6. Given four vectors v,:[l 3 2 5[, v,:fl 5 4 of, v,:fo 1 1 of, v,:[-1 5 2 8f er?,
then, (answer ‘Yes’ or ‘No”) (15%)

(a) The vector set is linearly independent.

(b) The vector set cannot form a basis for R*.

(c) The matrix A=[y, v, v, v,] is invertible.

(d) The rank of the matrix A is 3.

(e) Ax=0 has only the trivial solution, that is, x=0

(f) The transformation matrix A is a one-to-one transformation.

(g) The transformation matrix A is a onto transformation




