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1. Suppose that the linear relationship between the observation vector /
and the parameter vectors X and y  is expressed as follows:

t+v=Ax+By, E,;f:ch"

If the prior information of the parameter vector y is assumed to be
(Yo: Zy,) =(¥o, c3P;") and y and £ are uncorrelated, Using the least-

squares principle, find the estimation for the parameter vectors x and
¥, and show the estimation is the unbiased. In the formulae, A and B
are coefficient matrices; x,, and z, are the covariance matrices;

P and P, are the weight matrices, and o2 is the variance factor of
unit weight. (20 points)

. The manufacturer’s specified standard error for an EDM instrument is
5 mm + 10 ppm. Assume that other errors in EDM are neglected and
the measurements are assumed to be the normal random variables.

(1) Calculate the standard deviation in a distance
measurement of 10 km. (5 points) -

(2) Ifthe distance in (1) is measured four times, what is the
standard deviation in the average distance? (5 points)

(3) Find the 95% confidence interval for the average
distance in (2). (5 points)

(4) The distance in (1) is now re-measured four times by
another EDM instrument with the specified standard
error 3 mm + 3 ppm. Find the maximum difference
limit of these two average distances at a 5% significant
level, if these two average distances are not
significantly different. (5 points)

Note that the values of the standard normal deviate is 1.65 for a 95%
probable error and 1.96 for a 97.5 % probable error.

X—p
standard normal deviate = papa

x

x: normal distributed random variable; 4 the expectation of x;
o, the standard error of x
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3. In a space defined by the right-handed Cartesian coordinate system, let i ,}:,E
be the three unit vectors in the directions of positive x-, y- and z-coordinate axes,
respectively. Let a particle A of mass M be fixed at a point Py(x,, y,, Z,) and
let a particle B of mass m be free to take up various positions P(x, y, z) in space.
Then A attracts B. According to Newton’s law of gravitation the corresponding
gravitational force p is directed from Pto P,, and its magnitude is proportional

to 1/ r2, where r is the distance between P and Py, say,

|pl=c/ r?, withc=GMm
where G (=6.67-10 *cm g sec™?) is the gravitational constant. Hence p
defines a vector field in space. |

(3a) Please derive the function of the gravitational force vector p. (5 points)
(3b) The gradient of a given scalar function flx, v, z) is the vector function defined

by grad f= Qf}"+9’:}"+ali£.
| ox oy 0z -
Please show that the force p is the gradient of the scalar function fx,v,2)

= ¢/r, which is a potential of that gravitational field. (5 points)
(3c) Please verify that f satisfies the following famous Laplace’s equation:

2 2 2 '
ocf . of 0 f:O_(Spoints).

axZ ay2 -az.?.
(3d) The curl of the gravitational force vector p is defined by
i ]k |
' - o 0 0Jf . g < -
curl p =Vxp = |— — —{,with p=Pi1i +p,j+ p3k |
PVl o o a0 P T
P P P

Please find the curl p. (5 points)

4. Suppose that a continuous function fx) is discretized into a sequence
{Ax) L xo+Bx), x5 +20), ..., fxgHN-1]Ax)}
by taking N samples Ax units apart. Here, one uses x as a discrete variable and
defines :
Jx) =R xp+ xLx)

where x now assumes the discrete values 0, 1, 2, ..., N-1. In other words, the
sequence {f(0), A1), A2), ..., AN-1)} denotes any N uniformly spaced samples
from a corresponding continuous function. Herewith, one defines the discrete
Fourier transform (DFT) as follows:
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1 N-1 . 1 N4 o
Fy= —3 flx)}e™N = =% flxwe ()
ﬁJx=0 AJX=0
with W, =e/*"'" and j=+-1. LetN=2M= 2", one can get
(4a) W5 =W,r, (4b) Wi™ =W and (4c) WM = W2, . Please prove them.

(3 x 2 = 6 points)
(4d) Let N=2M, Eq. (1) gives

F) = P s, @
with  F,_(u)= }\1} E f@xwy  and  F(u)= IIZ Mf fx+1we
x=0 x=0

for u = 0 (1) M-1. Please prove it. (5 points)
(4¢) Hence, one can get F,, (u+M)= F,.,(u) and F (u+M)= F.(u).
Please prove it. (2 x 2 = 4 points)

(4f) Hence, Eq. (2) gives F(u+M)=%[Feven (u)-F,, (u)WZ“M]. Please prove it.

(5 points)
5. The earth can be approximated by a sphere $ of radius R. This sphere § also can
be represented by ¥ (u,v) = [ Rcosvcosu, Rcosvsinu, Rsinv |, where 7 denotes
the position vector of any point Pon Sand 0 < u < 27, -7/2 < v < 7/2.

(5a) Please compute the partial derivative vectors r, and F,.(2 x 2 =4 points) -

(5b) Please determine the normal vector of S at P by the vector product 7, x7,.
(3 points)

(5¢) Please determine the vector length |7, x 7, |. (2 points)

(5d) The area of such a sphere S can be determined by the surface integral A(S) =
I ﬂFu x F,|dudy . Please prove that such a sphere has the area A(S) = 4nR* by
the surface integral A(S). (6 points)

(5¢) Please determine the unit normal vector of § at any point P(x, y, z) on S.
(5 points) :

Note in (4d) that “ = 0 (1) M-1” denotes “u = 0, 1, 2, 3, ..., M-1".




