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1.

(10 points) An universal operator is nor, defined such that
PnorQ & ~(PV Q).
Show how to express P A Q in terms of: nor, P, Q, and grouping parentheses.

(10 points)We define the sequence of numbers

1 if0<n<3,
%_{

Apeq + Qpep + g + Apg ifn=>4.
Prove that a, =1 (mod 3) foralln20.
(20 points)An outerplanar graph is an undirected graph for which the vertices can be placed on a circle in
such a way that no edges (drawn as straight lines) cross each other. For example, the complete graph on

4 vertices, Ka, is not outerplanar but any proper subgraph of K, with strictly fewer edges is outerplanar.

Prove that any outerplanar graph is 3-colorable. A fact you may use without proof is that any

outerplanar graph has a vertex of degree at most 2.

(20 points)Let n be any integer of the form m? for some positive integer m.Let S, be the set of all
pairs (i,j) such that (i) i,j are non-negative integers, and (ii) i? +j < n.let h(n) =| S, |. Determine
h(n).

(a) (10 points)Let

fm = ZOSkSn(—l)kk'

Prove that
f) = (-7 [5]

(b) (10 points)Let g(n) =Z :—k(”“}:"l). Determine g(n).
k=0

(20 points)Let Ty, ..., T1go be mutually independent random variables, where each T; represents the

fraction of a day a student needs to solve the i-th homework problem. You only know that for all i,
0<T; <1E[T;] =0.3.

Let T =X1%T,. Prove that

Pr{T > 30e}

is exceedingly small, and derive the best bound you can from the given information. (Here e is Euler’s constant.)




