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Linear Algebra (50%)

Let A =[a;;) be an n x n square matrix. Let & = [z1, 24, “+*,Z,]t be an 7 X 1 column vector of
unknown mathematical variables and § = {61, b9, - »br]t is an n X 1 column vector of constants,
where the supscript ¢ indicates transpose. Then, A% = Erepresents a set of linear equations. Let
rank(A) denote the rank of matrix A. Answer the following questions:

1. (10%) Give the necessary and sufficient condition(s) that the linear equations have exactly
one solution.

2. (10%) Give the necessary and sufficient condition(s) that the linear equations have more than
one solution.

3. (15%) Is it possible that the linear equations have exactly two distinct solutions. If the answer
is yes, give a numerical example of 4.

4. (15%) Is it possible that the linear equations have no solution at all. If the answer is yes, give
a numerical example of A.

Probability and Statistics (50%)

Answer the following questions:

1. (10%) Let Xy, X3, -+, X, be n independently and identically distributed random variables
of mean u and variance o?. Let X = Yi=1 Xi/n. Give the mean of X and the variance of X.

2. (10%) Let X be a random variable having a mean g and a variance o2, Let k be some positive
number. Then, Chebyshev’s inequality states that

1
PUX -pl2k-0)< 5

Give all the condition(s) under which you may want to apply the above Chebyshev’s inequality.

3. (10%) What is the statistical simulation for?

4. (20%) When do we have no other choice but conducting the simulation? You may use an
illustration example to explain your answer. ‘
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