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I. (15%) If A~ G ~~J. and an orthogonal ma~rix P can 

diagonalize A to a diagonal matrix D such that D = pT AP, find P 

and D as well as calculate A 100
. 

2. Solve the following ODEs: 

(10°Yo) (2.1) y''+4y'+4y = 2e-2
x 

X 2y"+x_ y'~y = x2ex (10°/o) (2.2) _ ~ 

3. (20o/o) Solve, by use of Laplace transform, the one-dimensional diffusion problem 
formulated below: 

au a2u 
-=V-at ax2 

u=U·H(t) 

u~o 

U=O 

(0 <X< oo, t > 0); 

(x = 0), 

(x ~ oo), 

(t = 0), 

where u = u(x,t), v and U are constant, and H(t) is the Heaviside unit-step function. 

Hint: For f(t) ~ eifcC~} with eifc(1J) ~ 1-1! e-<' d~ being the complementary error 

function, the Laplace transform F(s) =fe-st f(t)dt = exp( -a.fs). 
0 s 
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14. (15%) The inverse Laplace transform can be written as 

l c+ioo 

f(t)=-. f esrF(s)ds, 
21Ct . c-zoo 

~~s:~m: 0211 , m.i::x : 3 

where the path of integral with respect to s is a vertical line parallel to the imaginary axis, 

and is on the right of all the singularities of F ( s), in the complex s plane. 

'i sJ 
Now, by use of the residue theorem, calculate the inverse Laplace transform of -

s4 -a4 . 

5. (15°/o) Determine the solution T(x, t) of the following boundary value problem. 

a2T 8 2T 
--=--+T 
8t 2 ax 2 0 < x < n and t > 0 

with the boundary conditions 

T(O, t) = T(n, t) = 0 

and the initial conditions 

{ 
x, 

T(x,O) = 
7t- x, 

O<x<n/2 

n/2~x<n' 

aT 
at(x,O) = 0 

6. (15°/o) Determine the solution T(r, 8) of the following boundary value problem. 

a2T +.!_aT + _1 B
2
T = 0 

8r 2 r ar r 2 89 2 0 < 8 < n . and 0 < r < 1 
i. 

with the boundary conditions 

T(r, 0) = T(r, n) = 0, 0 < r < 1 

and 

T( 1, 8) = 1, 0 < 8 < n 


