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1. Solve the following ordinary differential equations and find the solutions:

(6%) (a) ¥'+2y'-3y=2¢", y(0)=4, »'(0)=2.
(6%) (b) ¥'—5y'+6y = 2sin’ (4x)

(6%) (c) xzy' '—5xy'+10y = 0.

2. (12%) Prove that: if A is a real symmetric matrix, then its eigenvalues are real, and the
eigenvectors associated with distinct eigenvalues are orthogonal.

3. (20%) A uniform beam of length L carries a concentrated load w at x = L/2. The beam is
" embedded at its left end and is free at its right end. Use the Laplace transform to determine
the deflection y(x) from the beam equation:
4
EJ%X-{cwé(x-L/z),

with the boundary conditions y(0)=0, »'(®)=0, y"(L)=0,and y"(L)=0. Inthe above
equation, EI is the flexural rigidity of the beam, and &(-) is the Dirac delta function.

Hint: First solve the beam equation for x €[0,00) with »(0)=0, »'(0)=0, and unspecified
y"(0) and y™(0). Thenchoose y"(0) and »"(0) suchthat »"(L)=0 and y"(L)=0.

4. (15%) The Joukowski transformation
z=C+c ¢,
with ¢ being a real constant, is the best known in aerodynamics.

(a) Show that the exterior of the circle |¢|=c in the ¢ plane is mapped onto the entire z
plane cut along the real axis —2c<x<2c¢, y=0.

(b) Also show that the point ¢ outside the circle ||=c and the image point ¢* /¢ inside
are mapped onto the same point in the z plane.

. (c) Now consider a circle |¢|=c¢" with ¢'>c¢. Determine its mapped image in the z plane.
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» cos( mx )dx
5.(15%) Evaluate _[_00 1+ x?2

6.(20%) Determine the solution T(x, t) of the following partial differential equation.
o°T ,0°T
2 = ¢ 2

ot ox

with the boundary conditions

in 0<x<m and t>0

TO,t)=0 and T(m t)=0

and the initial conditions

T(x,0)=1, %(X,O) =0




