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1.(15%} Suppose x and y are positive real numbers such that the geometric mean Is different from the arithmetic mean. Then xZy.
Please proof by contraposition.

2. {15%)"= mod 1" is an equivalence relation. Let Z /n be the set of equivalence classes formed by this equivalence relation. We
use [k] to denote the equivalence class. For example, the elements of Z /3 are

[ol<{.....-6,-3,0,3,6,...}

[1]={....,-5,-2,1,4,7,...}

(2)={....,-4,-1,2,5,8,...}

Let [a] and [b] be equivalence classes in Z /n. Prove x+y €[a+b] and xy € [ab].

3. (15%) Let X be a set. A list of elements of X is given by the following rules:

1.x wherex € X

2.Lx where x € X and Lis a list of elements of X

Let L be a list, where X is the set of real numbers. Define a function Sum(L) recursively as follow:
1. If L=x, a single number, then Sum{L)=x.

2. IfL"is a list and L=L',x, then Sum{L}=Sum{L‘}+x.

Calculate Sum(3,1,4,2} step by step by using the above definition.

4. (15%) A five-digit number is formed accarding to the following rules:

The number contains only the digits 1,2,3,4, and these digits may be repeated or unused.
The first digit is 1.

If D, D, are consecutive digits and Dy#4, then D;<D,,

if DD, are consecutive digits and D=4, then D;=1.

How many numbers cf this type are there? Use a decision tree to arrive at your answer.

5. {10%) Suppose than g{n} € O{f(n)), prove f(n)+g(n) € © (f(n)}.

6. (10%) Find a theta notation in terms of n for the number of times the statement x=x+1 is executed.
j=n
while {(j>=1) {
fori=ltoj
x=x+1
j=li/2]
}

7.{10%) Suppose there is a finite set N of nonterminal symbols, and a finite set T of terminal symbols. Let G{N,T,P,D} be a
grammar, where N={D}, T={d,+,-}, P={D—D-D++D-D, D—d, +—+, -—-}, where P is the set of productions and D is the starting
symbol. Assume all symbols must be replaced simultaneously using the above productions. We interpret the symbol d as a
command to draw a straight line of a fixed length in the current direction; we interpret + as a command to turn right by 60°; and -
as a command to turn left by 60°, If the first move is horizontal to the right, the string d-d++d-d € L(G)

{a) draw d-d++d-d

{b) derive the next longest string in L(G) and draw it.

8. {10%)Design the state diagram for a detector to detect the occurrence of a string "110".




