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Note:
1. When applying any probability distribution, please specify clearly the “name of the probability

distribution” you used and “its parameters” to caiculate probability values,
2. Please find out probability “values” using attached tables whenever possible.
3. Please explain the reason if you use any approximation of probability distributions.

1.

1.1 If X is a discrete random variable with uniform distribution, where f(x) > 0when x = -2, -1, 0,1,
and 2 (f(x} = 0, elsewhere). If Y is another discrete random variable with identical distribution as X.In
addition, X and Y are independent. Please find the probability distribution of (X+Y)/2 and plot it. [10%]
1.2 Please find variance of (X+Y)/2. [10%)]

2.

2.1 If X is a random variable having a normal distribution with mean p and variance ¢2, please
derive its moment-generating function. [10%)]

22 If X3,X,,..,X, are independent random variables having normal distributions with means
H1s iz, e, iy @nd variance of, 6%, ..., 62, respectively. A new random variable ¥ = asX; + ayX, + -+
anXn, where a,,a,, .., a,are constants. Please derive the moment-generating function of Y using
results from 2.1. In addition, please find out the type of distribution that Y follows, its mean, and its
variance. [20%]

3. If X is a random variable having an exponential distribution f(x; B) = %e""/ﬁ,for x>0 and B>

0; f(x) = 0, elsewhere. It is known that Uy = B,and a2 = B2,

3.1 IfY is a single observation of X, please write down the probability distribution of Y. [1 0%]

3.2If Z is a random sample of size 100, please write down the probability distribution of sample mean
Z.[10%]
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4. A public health researcher, John Goodwill, is doing a study on the infection rate (E2k3<) of a rare
disease. John makes the null hypothesis that the infection rate is equal to 0.01%. John would like to
perform hypothesis testing with a threshold of p-value = 0.05 under the following two different
scenarios ().

4.1 If John knows nothing about the characteristics of the disease except that he learns from previous
studies that the standard deviation of the infection rate is 0.01%. Please help him perform hypothesis
testing the best you can if he finds 40 people infected by the disease among 100,000 people he
surveyed. [15%] -
4.2 If John knows that the probability for a person to get infected is identical for all péople and it is
independent of whether other people are infected, please help him perform hypothesis testing using
a new dataset of 150,000 people with 25 among them infected. [15%)] .
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(Tables are excerpted from Walpole et al., Probability and Statistics for Engineers and Scientists, 8™ edition.)
Table A.l (continued) Binomial Probability Sums 5 b(z;n,p)
2=0
P
n or 0.10 0.20 0.25 0.30 0.40 0.50 0.60 0.70 0.80 0.90
19 0 0.1351 0.0144 0.0042 0.0011 0.0001
1 04203 0.0829 0.0310 0.0104 0.0008 0.0000
2 0.70564 0.2369 0.1113 0.0462 0.0055 0.0004 0.0000
3 0.8850 04551 02631 0.1332 00230 0.0022 0.0001
4 09648 0.6733 04654 (0.2822 0.0696 0.0096 0.0006 (0.0000
5 09914 0.8369 0.6678 0.4739 0.1629 0.0318 0.0031 0.0001
6 09983 09324 0.8251 0.6655 0.3081 0.0835 0.0116 0.0006
7 0.9997 09767 09225 0.8180 04878 0.1796 0.0352 0.0028 0.0000
8 1.0000 0.9933 09713 0.9161 0.6675 03238 0.0885 0.0105 0.0003
9 0.9984 0.9911 0.9674 0.8139 05000 0.1861 0.0326 0.0016
10 0.9997 0.9977 0989 09115 0.6v62 0.3325 (.0839 0.0067 0.0000
11 1.0000 0.9995 0.9972 09648 0.8204 0.5122 0.1820 0.0233 0.0003
12 0.9999 09984 0.9884 0.9165 06919 0.3345 0.0676 0.0017
13 1.0000 0.9999 09969 0.9682 0.8371 0.5261 0.1631 0.0086
14 1.0000 0.9994 09904 09304 0.7178 0.3267 0.0352
15 0.9999 09978 0.9770 0.8668 0.544% 0.1150
16 1.0000 09996 0.9945 0.9538 (0.7631 0.2946
17 1.0000 09992 0.9836 -0.9171 0.5797
18 0.9999 0.9989 0.9856 0.8649
19 1.0000 1.0000 1.0000 1.0000
20 0 0.1216 0.0115 0.0032 0.0008 0.0000
1 03917 0.0692 0.0243 0.0076 0.0005 0.0000
2 0.6769 0.2061 0.0913 0.0355 0.0036 0.0002
3 08670 04114 0.2252 01071 0.0160 0.0013 0.0000
4 09568 0.6206 0.4148 0.2375 0.0510 00059 0.0003
5 09887 0.8042 0.6172 04164 01256 00207 0.0016 ©0.0000
6 09976 09133 0.7858 0.6080 0.2500 0.0577 0.0065 0.0003
7 09996 0.9679 0.8982 0.7723 0.4159 0.1316 0.0210 0©0.0013 0.0000
8 09999 09900 09591 0.8867 0.5956 0.2517 0.0665 0.0051 0.0001
9 1.0000 0.9974 0.9861 0.9520 0.7553 0.4119 0.1275 0.0171 0.0006
10 0.9904 099561 0.9829 (0.8725 0.5881 0.2447 0.0480 0.0026 0.0000 -
11 0.9999 09991 0.9949 (0.9435 0.7483 0.4044 0.1133 0.0100 0.0001
12 1.0000 0.9998 09987 0.9790 0.8684 0.5841 0.2277 0.0321 0.0004
13 1.0000 0.9997 0.9935 09423 0.7500 03920 0.0867 0.0024
14 1.0000 0.9984 0.9793 08744 0.5836 0.1958 0.0113
15 0.9997 0.9941 09490 0.7625 0.3704 0.0432
16 - 1.0000 0.9987 09840 0.8929 0.5886 0.133C
17 09998 0.9964 09645 0.7939 0.3231
18 1.0000 0.9995 0.9924 0.9308 0.6083
19 C ‘ 1.0000 09992 09885 0.8784
20 1.0000 1.0000 1.0000
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Table A.2 (continued) Poisson Probability Sums Y p(x; )
=0

u
8.5 6.0 6.5 7.0 7.5 8.0 8.5 9.0 9.5

0.0041 0.0025 0.0015 0.0009 0.0006 0.0003 0.0002 0.0001 0.0001
00266 0.0174 0.0113 0.0073 0.0047 0.0030 0.0019 0.0012 0.0008
0.088¢ 0.0620 0.0430 0.0296 0.0203 0.0138 0.0093 0.0062 0.0042
0.2017  0.1512 0.1118 0.0818 0.0591 0.0424 0.0301 0.0212 0.0149
0.3575 0.2851 0.2237 0.1730 0.1321 0.0996 0.0744 0.0550 0.0403
0.5280  0.4457 0.3690 0.3007 0.2414 0.1912 0.1496 0.1157 0.0885

0.6860 0.6063 0.5265 0.4497 03782 0.3134 02562 0.2068 0.1649
0.8095 0.7440 0.6728 0.5987 0.5246 0.4530 0.3856 0.3239  0.2687
08944 0.8472 0.7916 0.7201 0.6620 0.5925 0.5231 0.4557 0.3018
0.9462 09161 08774 0.8305 0.7764 0.7166 0.6530 0.5874 0.5218
10 09747 0.9574 09332 0.9015 0.8622 0.8159 0.7634 0.7060 0.6453

11 0.9890 09799 0.9661 0.9467 0.9208 0.8881 0.8487 0.8030  0.7520
12 08955 09912 0.9840 0.9730 0.9573 09362 0.9091 0.8758 0.8364
13 0:.9983 09964 0.9929 0.9872 0.9784 0.9658 09486 0.9261 . 0.8981
14 . 0.9994 09986 0.9970 0.9943 0.9897 0.9827 0.9726 0.9585  (.0400
15 09998 09995 0.9988 0.9976 09954 0.9918 0.9862 0.9780 0.9665

16 -0.9999 0.9998 0.9996 0.9990 0.9980 0.9963 09934 0.9880  0.0823
17 1.0000 0.9999 0.9998 0.9996 -0.9992 0.9984 0.9970 0.9947 0.9911

DO~TO B WNMEOY

18 1.0000 0.9999 0.9999  0.9997 0.9993 0.9987 0.9976  0.9957
19 10000 1.0000 0.9999 0.9997 0.9995 0.9989  0.9980
20 0.9999 09998 (0.9996 0.9991
21 1.0000 0.9999 0.9998 (.9995
22 1.0000 0.9999  0.9999
23 . 1.0000  0.9999

24 1.0000°
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Table A.2 (continued) Poisson Probability Sums 3 p(; 1)

a=(}

B
10.0  11.0  12.0 130 140 150 160 17.0 180

0.0000 0.0000 0.0000

0.0005 0.0002 0.0001 0.0000 0.0000

0.0028 0.0012 0.0005 0.0002 0.0001 0.0000 0.0000

0.0103 0.0048 0.0023 ° 0.0011 0.0005 0.0002 00001 0.0000 0.0000
0.0293 0.0151 0.0076 0.0037 0.0018 0.0009 0.0004 0.0002  0.0001
0.0671 0.0375 0.0203 0.0107 0.0055 0.0028. 0.0014 0.0007 0.0003

0.1301 0.0786 0.0458 - 0.0259 0.0142 0.0076 0.0040 00021 0.0010
0.2202 0.1432 0.0895 0.0540 0.0316 0.0180 0.0100 0.0054  0.0029
0.3328 0.2320 0.1550 0.0998 - 0.0621 0.0374 0.0220 0.0126 0.0071
0.4579 0.3405 0.2424 01658 0.1094 0.0699 0.0433 0.0261 0.0154
10 05830 04599 0.3472 0.2517 0.1757 01185 0.0774 0.0491  0.0304

11  0.6968 05793 0.4616 0.3532 0.2600 0.1848 0.1270 0.0847  0.0549
12 0.7916 0.6887 0.5760 0.4631 0.3585 0.2676 0.1931 0.1350  0.0917
18  0.8645 0.7813 0.6815 0.5730 0.4644 0.3632 0.2745 0.2009  0.1426
. 14 0.9165 0.8540 0.7720 0.6751 0.5704 0.4657 03675 0.2808 - 0.2081
15 0.9513 0.9074 0.8444 0.7636 0.6694 0.5681 0.4667 0.3715 ~ 0.2867

16 0.9730 09441 0.8087 0.8355 0.7559 0.6641 0.5660 0.4677  0.3751
17  0.9857 09678 0.9370 0.8905 0.8272 0.7480 0.6593 0.5640 0.4686
18 0.9928 0.9823 0.9626 0.9302 0.8826 0.8195 0.7423 0.6550 0.5622
19 0.9965 0.9907 0.9787 0.9573 0.9235 0.8752 0.8122 0.7363  0.6509
20 0.9984 0.9953 0.9884 0.9750 09521 0.9170 0.8682 0.8055  0.7307

21 0.9993 0.9977 0.9939 0.9859 0.9712 09469 09108 0.8615 0.7991
22  0.9997 0.9990 0.9970 0.9924 0.9833 0.9673 0.9418 0.9047  0.8551
23 0.9999 0.9995 0.9985 0.9960  0.9907 0.9805 0.9633 0.9367  0.8989
24 10000 0.9998 0.9993 0.9980 0.9950 0.9888  0.9777 0.9594  0.9317

W0 ~ITS Uk O[S

25 0.9999 0.9997 0.0990 0.9974 0.9938 0.9869 0.9748  0.9554
26 1.0000 0.9999 0.9995 0.9987 0.9967 0.9925 0.9848 0.9713
27 0.9999 0.9998 0.9994 0.9983 0.9959 0.9912  0.9827
28 1.0000 0.9999 0.9997 09991 0.9978 0.9950  0.9897
29 1.0000 0.9999 0.9996 0.9989 0.9973  0.9941
30 0.9999 0.9998 0.9994 - 0.9986  0.9967
31 1.0000 0.9999 0.9997 0.9993  0.9982
32 . 1.0000 0.9999 0.9996  0.9990
33 0.9999  0.9998  0.9995
34 1.0000 0.999%  0.9998
35 ) 1.0000  0.9999
36 ' 0.9999

a7 1.0000




