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—~ BERRECE (50%)
1. (10 points) How many bit string of length 20 contain at most

B
Nineteen 1s? Please expressed as A%+ C

@ 4= (3 point)
® B = (3 points)
© € = (4points)

2. (10 points) Let (#v) be a minimum-weight edge in a connected graph G. Show
that (1,v) belongs to some minimum spanning tree of G
3. (10 points) 4={5,6,7,8} ~ B={uv} - C={}
consider a = [Power Set(4)| -
b=|4XB| (X is cross product)
¢ = [Power Set(C)|
Please calculate 2€ 4+ b + a.
4. (a) (5 points) How many quadrilateral are determined by the vertices of a regular
polygon of n sides? (n = 4)
(b) (5 points) How many if no side of the polygon is to be a side of any
quadrilateral? (n = 8)
Note: quadrilateral (LU¥E7E)
5. (10 points) Calculate the chromatic number of figure(a) (5 points) and figure(b) (5
points). (not need to explain)

figure(a) : figure(b)
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=. Linear Algebra (50%)

6. Let A be a Hermitian matrix with eigenvalues A; = Xy > +++ > A, and orthonormal
eigenvectors 1y, ...,u,. For any nonzero vector x in R", the Rayleigh quotient p(x) is
defined by : . g

- (Ax,x) x"Ax

(%) xfx

p(x) =

(a) f x = ¢y + -+« + c,1,, show that

lerPAr + [eoPAs + - - 4 ea]?An
[lc|?

p(x) =

(10%)
(b) Show that A, < p(x) < 1. (5%)
(c) Show that max p(x) = A and ux;}gp (x) = An. (5%)

7. Let

[EE

lalle = (&, ) = (iiuf,-) for A € R™".

i=1 j=1 :
The trace of an n x n matrix C, denoted #r(C), is the sum of its diagonal entries; that is,

tr(C) =cn + oz +r+ 4 Cun
If A and B are m x n matrices, show that

@) lIAl} =tr(ATA)  (5%)
(b) A +BJ} = A} +2r(ATB) + [BI}  (5%)

8. Let A be a symmetri¢ n X n matrix. Show that e® is symmetric and positive definite.
(10%)

9. Let A be a singular n X n matrix. Show that ATA is pomtwe semldeﬁmte, but not
posﬂ:we definite. (10%} ;




