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In this test, you are asked to solve the following set of differential equations:
:i::é-%xt—za:-—Zy, z(0)=1, (1a)
gé%';i=2z+y, y(0)=1. (1b)

by four different methods you have learned in the course of engineering mathematics.

1. The first method to solve Egs.(1) is by direct substitution with coefficients to be
determined. By eliminating the variable y between Eq.(1a) and Eq.(1b), show that the
differential equation for z becomes

i+ai+bz=0 ()

(1) (5%) Find the values of a and b.
(2) (2%) Find the initial value #(0). :
(3) (8%) Assume that the solution to z(f) has the following form

z(t) = ce™ + ce™ . (3)

Find the valuesof X\, A\, ¢, and ¢,.
(4) (5%) Find the solution to y(t).
2. The second method to solve Egs.(1) is by Laplace transform.
(1) (10%) By taking Laplace transformation of Eq.(2), show that the Laplace transform
X(s) of z(t) can be expressed in the following form:
s+c
X = ets “
Find the values of a, b, and c.
(2) (10%) By taking inverse Laplace transformation of Eq.(4) to find z(t) = L'(X(s)),
show that the obtained z(t) is the same as that in Eq.(3).
3. The third method to solve Eqs.(1) is by complex variable. Define a complex variable z as

where z(t) and y(t) satisfy Eqgs.(1).
(a) (8%) Combine Eq.(1a) and Eq.(1b) and express them in a single equation of 2 as

dz
=az+b. 6
it (6)

Find the values of @ and b.
(b) (2%) Find the initial value 2(0).
(c¢) (10%) Solve Eq.(6) for z(t) and show that the real part z(t) = Re(2(t)) and the
imaginary part y(t) = Im(2(t)) are identical to the solutions found in problem (1).
4. The fourth method to solve Eqgs.(1) is by linear algebra. Egs.(1) can be recast into a
matrix form as '

1 -2
2 1

z(t)
y(t)|

(@A AB FRKES)

ax
dt

—AX, X= A= (7)
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5.

In this problem and the next problem, you are asked to solve X(t) by the eigenvalues
and eigenvectors of the matrix A.
(a) . (10%) By the following Taylor series expansion,

e’“—I+1A+—2—A2+—tj—As+--- 8
IR TR TR T ’ ®
show that the solution X(t) to Eq.(7) can be expressed by

X(t) = e" X(0). 9)

(b) (5%) Find the two eigenvalues A and ), of the matrix A in Eq.(7).
(c) (5%) Find the two eigenvectors V; and V, of the matrix A. Write down V, and

V, in the following forms

Uy Uy

= Uy 3 V2 = (10)

Vpo "
(Take v, = v,, =1 and find the values of v, and v,)
Continue the discussion of problem (4). Define the matrix V as

Yu YU
V=V V= : : (11)
(a) (4%) Show that A can be expressed in terms of V as

N O
0 X

(b) (3%) Show that the power of A can be evaluated by

Uy Uy

-1

Uy Uy Uy Y

A=VAV' = (12)

Uy Uy Uy Uy

A =VAVY n=012 3 - (13)
(c) (3%) Combine the results of Eq.(8) and Eq.(13) to show the result:
e 0 -1

0 e+

v, v, k” v,
e‘“ _ 11 12 11 12

Uyy Uy

(14)

Uy Uy

(d) (10%) Evaluate e* in Eq.(14) by using the eigenva.lﬁes and eigenvectors found in '
problem (4) and then find the solution X(t) = [z(t) y(¢)]’ from Eq.(9). Verify that
the obtained z(tf) and y(t) are identical to those found in problem 1.






