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1. (a) (1296) Find the eigenvalues and eigenvectors of the matrix
10 3:

A=|_ai o

(b) (896) Construct a 2x2 matrix U such that U'AU = A, where U’ = (U*) is the
complex-conjugate transpose of U and A is a real diagonal matrix. (Hint: relate U to
the unit-length eigenvectors of A and relate A to the eigenvalues of A.)

2. Suppose two functions P(z,y) and @(z,y) are single-valued, finite and continuous inside and
on the boundary C of some simply connected region R in the zy plane.
(2) (696) Apply Green theorem on a plane to transform the following line integral

fo (Pdz + Qdy)

into a double integral over the enclosed region R.
(b) (596) Use the above Green theorem to show that the area enclosed by R can be expressed

by

1
Azfj;dmdy:-é-ﬁ(mdy-ydm)
(c) (1095) Apply the above formula to calculate the area of the ellipse z = acosd, y=bsinf.

3. (209) A series electric circuit contains a resistance R, a capacitance C and a battery
supplying a time-varying electromotive force V(t). The charge ¢ on the capacitor therefore
obeys the equation:

dg  ¢q
RA4+ L=Vt
dt C ®)

Assuming that initially there is no charge on the capacitor, and given that V(t) =V, sinwt,
find the charge on the capacitor as a function of time.

4. In this problem, you are asked to evaluate the following definite integral
2w
cos26
I= dd, b>a>0
j:, a® + b* —2abcos b ¢
(a) (596) Let z =¢® and then show

cosf = z 4+ z'“l , sinff = —(z — z"l cosnf = n -n
2( ) - 25.( )s ——2 (z + 2z )

(b) (1696) In terms of the above relations, show that the integral I can be evaluated by the
contour integral

7ot § 2 +1 &
2ab Jo 2’ (z—a/b)(z~b/a)
and identify the contour C'.
{c) (569) Apply the residue theorem to find the value of 7.
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5. The wave equation describing the transverse vibration of a stretched membrane under tension
T and having a uniform surface density p is

&u  Bu 5u
T[af * 3y2]= ? or
(a) (159%) Find a separable solution to the above PDE for a membrane stretched on a frame of
length a and width b (ie., u(0,y,t)=u(a,y,t)=0 and u(z,0,{)= u(z,b,t)=0).
(b) (696) Show that the natural angular frequencies of such a membrane are given by
, wmT(n® m?
[a_’ * "bi_] '

p
where m and n are positive integers.




