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1. (a) (129%) Find the eigenvalues and a set of eigenvectors of the matrix

11 3
A=[1 1 -3
3 -3 -3

(b) (8%) Verify that its eigenvectors are mutually orthogonal.
2. A vector field V is defined by

V =224 + 2y2] + (28 + 272 — 1)k

(2) (10%) Calculate ¥V x V.
(b) (10%) Is it possible to find a function ¢ such that V=V¢? If yes, find such a ¢.

3. (20%) A radioactive isotope decays in such a way that the number of atoms present at a
given time N(t), obeys the equation
aN

— = —AN
dt

If there are initially N, atoms present, find N(t) at later times.

4, In this problem, you are asked to evaluate the following definite integral
2
1=f . f°529 8, b>a>0
o 6 +b° —2abcosd
(a) (5%) Let z =¢” and then show

cosf = l(z +2z7'), sinf= l(z —27"), cosnd = l(z“ +2z™")
2 24 2

(b) (10%) In terms of the above relations, show that the integral I can be evaluated by
the contour integral

I= i § 2 +1
2ab ci"(z—a/b)(z—b/a)
and identify the contour C'.
(¢) (5%) Apply residue theorem to find the value of I .
5. The wave equation describing the transverse vibration of a stretched membrane under
tension T and having a uniform surface density p is
v 0w 8%y
vyl AL PN
| [6:1:2 * ayﬂ] T
(a) (15%)Find a separable solution to the above PDE for a membrane stretched on a
frame of length a and width b (i.e, u(0,%) =u(a,yt)=0 and u(z,0,t)=
u(z,b,t) = 0).
(b) (5%) Show that the natural angular frequenmes of such a membrane are given by
2 2
o= IEm
P b
where m and n are positive integers.




