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1. (a) Find all numbers r such that the matrix ({1 r 3| is invertible. {5%)
1 1 2
I 2 0 -1 2 4]
6 2 8 -1 1
(b) Find the determinant of the matrix 4227 -3 (5%)
4 5 4 5 1 pl
1 2 0 -1 2 4
e 8 15
(0 6 6 3]
2. (a) Find the rank of matrix b2 (T%)
4 1 -3 4
13 2 0]
0 -9 -9 2]
(b) Find the nullity of matrix bl ! I.{E%}
4 1 =3 4
13 2 0

3. (a) Find an orthogonal basis for the subspace sp[l,w";, x}) of the vector space C,,
of continuous functions with domain 0 € x < I, where inner product is defined
by < f.8>= [ fix)g(x)dx . (10%)
X) =X =X - Xy
(b) Solve the linear differential system x; = —x, + x, — x,. (15%)

x; ==X =Xyt Xy
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Part I, Discrete Mathematics (50%)

Note: (Write your answers on the answer sheet but not this question sheet.)

1. [5%] Given three arbitrary sets A, B, and C, please indicate whether each of the
following statements is true or false:

A ABA=E

b IfA=B-CthenB=AuC

___cl(A-B)nB=B

_ dAuUBR)-C={A-C)u(B-C)

e fAuBIn{(BuCn(CuA)=(AnB)nC

2. [10%)] Let R be a binary relation. Let Dy and D; be the domains of the two
components of R. Define D = Dy w D;. Please indicate whether each of the following
statements is true or false.

___aRisreflexiveifand only if v x € D (x R x).

b Risirreflexive if and only if — (¥ x € D (x R x)).

_____¢. Any relation must be either reflexive or imeflexive.

_ d.Rissymmetricifand only if ¥ x,y e D(x Rx=>y R y¥).

e Ristransinve ifandonly if ¥ x,v,ze D{xRyayRz=>xRz).

3.[15%]) Let N= {1, 2, .. n}. Let P =(X,, X5 ..., X} be a permutation of members in
N if and enly if

(1) Xi= X;ifi# j and (2) each X, e N.
We call jy, J2, .. jx a cycle of P, 1f and only if

(@) jj # jm foreveryi#2munlessi=landm =Kk

(b} i =

(€)jim=Xj;; 1si<k.
For example, consider the permutation P = (2,3,6.5.4,1.7). The cycle 1,2,3,6,1 satisfies
conditions (a), (b), and {c). The permutation (2,3,6,5,4,1,7) has the three cycles:

1,2,3,6,1,

4,54, and

1.7.
Let R be a binary relation. For any permutation P of N, R is defined as R = {{a, b) | a
and b are in the same cycle of P}. Please answer yes {Y) or no (N} to each of the
following questions. You will NOT get full grade UNLESS you justify (e.g. give an
explanation to) each question.

___a. ls R reflexive?

b Is R symmetric?

¢ Is R transitive?

__d. Does the permutation { 2, 4, 5, 7, 1, 8, 3, 6) have at least four eycles?
e lsthecycle d, 5, 4 in the permutation (2,4, 3, 3, 1)7

4, [20%] Solve the following recurrence relations.
a. f{n)=k fink) + n* logen, where n is a power of k and f{1} = 1.

b, Please compute g(10). g(n) =3 gln-1)+ 2g(n -2) + g(n -3} + 4, g(0} = 0,
g(1)=2,and g(2)= 3.




