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Partl. Linear Algebra (50%)

(Explain or show your work for full credit)
1. (30%) Basics

(a) A 4x4 matrix 4 has eigenvalues J\.i>7uz>7\.3>7\.4>0. Let D=diag(fA; Az A3 Ag]) and E be an
orthogonal matrix whose columns are ordered eigenvectors belonging to A1, Az, As, Au,
respectively. _ '

\ (i) Which of the following matrices are singular?  (0-5 choices) (5%)
(ii) Which of the following matrices are similar to 4? (0-5 choices) (5%)
. Ae 0 0 O
- MA-M1 @' ()44 @HED'E" (5] 102 o
0 0 0 i

(b) Determine which sets of vectors are linearly independent. (0-4 choices) (10%)

(1) The vectors x+1, x2-x+1, x*+3x-2, 2x? +8x+1 in P;,

-17[0 1 . o2
(2) The vectors B {l, [g 2], [2 1],[3 g] in R*2,
(3) The vectors e* +e™, e* ~e™*, e** in C[0,1].

(4) The eigenvectors of the matrix [% g] .
{Note] P;s: the vector space of polynomials of degree less than 3, ‘
C[0,1]: the vector space of all real-valued functions that are continuous on the interval [0,1].
(c)vi=[124816 32]T and v,={1 -2 4 -8 16 —32]T . What is the rank of

vivyT +v,v,7 7(5%)

(@ Let ¥ =Span({0 1 1)7,[0 0 17), U, ={{1y21" |y,zeR}, U,={[1 0 O}, Uh= V",
and Us = M([0 1 1]) . Which U satisfies the direct sum U@ V= R%? (0-4 choices) (5%)

[Note] ¥-L: the orthogonal complement of V.
N(U): the pullspace of V.
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~ 2.(20%) The four vertices (x1.1), (x22), (*33), (xay4) of 2 polygon form a 2x4 matrix
=[x1 X3 X3 xi, ' |
W Y2 Ys Vil
{(a) The transformation LX) = 2X +[;]1’ repi'esents a dilation and a transiation of a

polygon with vertex matnx X, where 1=[111 1]1- Explain why L is not a linear

transformation from R* to Rm (5%)

(b) To perform the dilation and the translation in (a) as a linear transformation, one can
attach a ﬁd row to the vgrtex matrix Xas ¥ = [ix; } and change.the transformation L
tobe L,(Y) = AY . Simply ignoring the third row of ¥ gives the desired vertex matﬁx.
What is the transformation matrix A? '(5%) |

(c) Consider the approximatioh of a polygon X ;[_ 10 /9 (1) ; :)l:l by a circle

(x—a)? +(y ~b)? =#? and by a quadratic polynomial y=c,+cx+c,x°. Which
approximation gives a better least squares fit to the pblygon? ‘How large is the

residual? (10%)
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Part II. Discrete Mathematics 2006 (50%)

1. [10%] At a certain company, the manager has a secretary and three other administrative
assistants. If seven accounts must be processed, in how many ways can the manager assign
the accounts so that each assistant works on at least one account and the secretary must

handle the most expensive account?

- 2. [10%)] Determine the number of integer solutions to x;+ xo+ x3 + x = 19 where -5 < <10
! forall 1<i<4.

{
i

* 3. [10%] Show that (1 - 4x)"'” generate the sequcnce(zﬂ} ne N.

n

Let M be the finite state machine in the following figure.

b

0,0

(a) [5%)] Find the state table for this machine.

(b) [5%] Explain what this machine does. : :

(c) [10%] How many distinct input strings x are there such that |jx]| = 8 and v(so, x) = 542
How many distinct input strings x are there such that ||| = 12 and w(so, x) = 5,2






