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1. We have a matrix M = ~ ~ ~ ~ . (a) Calculate the determJnant of M. (b) If {A-;, i = 1, 2, 3, 4} are the 

I 3 2 I 

eigenvalues of M, calculate I ~=I A., and I :
1 

A-i . ( 4+ 3+ 3) 

2. Calculate fc(x 2 + yz2 )dx + (2x- / )dy , where Cis a circle (x- 2/ + (y- 3/ = 9 on the z = o 

plane. (10) 
3. (a) Show by the Wronskian method that the functions {xn /n!, n = O, 1, ... , oo} are linearly independent. 

(b) Construct from {xn} the first three Laguerre polynomials L0 = 1, L1 =I- x, L
2 

= (2- 4x + x2 )/2 in 

0 s; x < oo by the Gram-Schmidt orthogonalization procedure with the weight functio~ 

w(x) = exp(-x)and normalization (Lm I Ln) = 8mn. (5+10) 

4. A particle of unit mass ( m = 1) is initially at x(O) =A with velocity .X(O) = 0. 

(a) d 2 x/ dt 2 + r dxj dt + Ia: = 0' find x(t) for all time t > 0 for k > y 2
' k = y2 & k < y 2 respectively. 

(b) d 2 x/ dt2 + ydx/dt + Ia: = F cos( cot), where F is an external driving force. Assume you have obtained the 

steadystatesolution Bcos(cot+r/J), i.e. B=B(F,y,k) & r/J=r/J(y,k)arealreadyknown,find x(t) foralltime 

t > 0 for k > r 2 
• (9+6) 

5. (a) Find the poles & residues of _ 1_. 
1 + zn 

(b) Derive f"" cos(t2 )dt =f., sin(t2 )dt = .[; o (Hint: Take the contour in the fig. 5. Note that 
Jo Jo 2.J2 

.f(z) = exp(iz 2
) has no singularity in the finite complex plane.) (10+10) 

6. Bessel functions obey the recurrence relation Jn+l (x) = -J~ (x) + !!..Jn(x). Show by mathematical 
X 

induction ( l){~frfff,;F'g)~" if correct for n, then also correct for n + 1") that Jn(x) 

=(--lrxn(~~r J 0 (x) for any integer n. (Hint: Calculate J~(x), the derivative of Jn(x).) (15) 

7. Show that the inverse Fourier transform of G(k) = 1 is g(r) = 1 Jc(k)e;f.;: d 3k =_I_, 
(27I/ 12 e (2n/'2 47l' r 

where k = lfl & r = lrl· (Hint: f"" sinx dx = 7l'.) (15) 
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