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Note. Except the “True or False” questions, you need to provide complete argument to get full
credit for any problem. If there is no argument, no credit will be given.

[16%] 1. True or False:
(a) Let A and D be n x n matrices. If D is diagonal, then DA = AD.

(b) Let A and B be n x n matrices. If B can be obtained by elementary row operations from
A, then det(A4) = det(B).

(c) Let A and B be n x n matrices. If A and B are invertible, then (A + B) is invertible.

(d) Let B be an n x n matrix. If B can be diagonalized, B must have n distinct eigenvalues.

(e) Any symmetric matrix is diagonalizable.

(f) The product of two symmetric matrices is symmetric.

(g) Similar matrices have the same characteristic polynomial.

(h) Any square matrix can be written as the product of a symmetric and skew-symmetric

matrix.

[10 /0] 2. ConSidCr the fOllOWlng thl'ee VeCtors in R :
vy = ()\. 1 - )t Uy = (1 A, )t V3 = (1 A, t
1 s 4y 2 s U2 LA 2 » U3 L) 2’ ) .

If possible, find all values for A € R such that the three vectors are linearly dependent. If no

value is possible, explain why not.

[10%)] 3. Consider following subset of R*:

a+2b+ 2c
W = -2b+c ‘a,b,cER .
a+3c

Show that W is a subspace of R? and find a basis for W.
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(12%] 4. LetV = {x € R | x > 0}. Consider the following operation on V:
XDy=xy

forall x, y € V. Is (V, @) a vector space over R if the scalar product is given by

Aox =x*

forall x € V and A € R? If so, prove it. If not, explain.

(12%] 5. Let u, v, and w be three linearly independent vectors of a vector space over R. Show that the
vectors 4 — 2v, v — 2w, and w — 2u are linearly independent.

[20%] 6. Consider the matrix

(a) Find the determinant of A4.
(b) Find the characteristic polynomial and minimal polynomial of A.
(c) Find the inverse of A.

(d) Find the eigenvalues and corresponding eigenvectors of A.

{10%] 7. Consider the matrix

12 7 1
A=|-2 -4 0
0 -8 2

Is it possible to write A = B + C where B is a symmetric matric and C a skew symmetric

matrix? If so, find B and C; otherwise, explain.

(10%] 8. Let A be a square n X n matrix satisfying the following matrix equation A5 —34 + I = 0,
where I is the n x n identity matrix. Show that 4 is invertible by finding the inverse of A.




