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1. (10%) Assume f : [0,1] — [0,1] is continuous. Prove that f has a fixed point in [0,1],
i.e., there exists a point z; € [0, 1] such that f(z,) = ;.

2. (10%) Find

. < k
Jim [Z |

k=1

3. (12%) For each n € N and each z € R, define

1o “
fa ('T) = T:W

Prove that the sequence {f,} converges pointwise but not uniformly on R.
4. (12%) Prove that f () = sin (2?) is not uniformly continuous on [0, 00).

5. (12 %) Let

2

—=L— if (z,y) # (0,0),
f(r,y)={ Ve
0, if (z,y) =(0,0).

Is f is differentiable at (0,0)?
6. (14%) For what value of a > 1 is

minimum?

7. (15%) Let F : RS — R? be defined by F (u,v,w,2,y) = (uy + vz + w + 22, wvow + z + y + 1),
and F'(2,1,0,-1,0) = (0,0).

(a) (7%) Show that we can solve F' (u,v,w, z,y) = (0,0) for (z,y) in terms of (u, v, w)
near (2,1,0).

(b) (8%)If (z,y) = ¢ (u, v, w) is the solution of the preceding part, compute Dy (2,1,0).

8. (15%) Let

0, ifz# 0 andy+#0,
f(z,y) = defined on R2.

1, ifeitherz=0o0ry =0,

Show that lim f (z,y) and lirrll, f(z,y) both exist, and
T—a y—

lim [nmf (=, y>] = tim [1im £ (z,9)] = L

z—a |y—b

for all a, b € R. Does lim  f(z,y) exist?
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