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(1) (18 Points) True or false. If the statement is true, give a short proof; if the statement
is false, give a counterexample.

(a) (6 Points) Any intersection of open subsets of R” is open in R”.

(b} (6 Points) Let A and B be two subsets of R?. Then cl(AU B) = cl{A4) Ucl(B)
where cl(A) is the closure of A in R". ‘

(c) (6 Points) Let f : [0,1] — R be a continuous function. Define a sequence (ay)
. 1 .
of real numbers by a, = f (E) for n > 1. Then nlglgo an = f(0).

(2) (10 Points) Let f: (0,00) = R be the function
fz)==, x>0

Prove or dlsprove that f is umformly continuous on (0 00).

(8} (15 Points)
(a) {7 Points) Prove that series of functions

fe) =3 2

n=1

converges uniformly on [0, 2x].
27

(b) (8 Points) Evaluate f(z)%dz.
0

.(4) (12 Points) "The Euclidean norm of a vector « = (z1, - - : ,Tn) in R™ ig

el = /23 + - + 22

If § is a nonempty subset of R™ and zy is a point of R™ such that zp € S, the
distance from zg to S is defined to be
d(ze, S) = inf{||lzo — y|| : y € S}.
Let K be a (nonempty) closed and bounded subset of R™.
(a) (5 Points) Let f : K — R be the function f(z) = Jzo ~ z|| for z € K. Prove

that f is continuous (use ¢ — § definition).
(b) (7 Points) Prove that there exists yp € K so that d(zo, K) = ||zo — yo!|. [Hint:

Use (4a).]
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(56) (15 Points) Let U be an open subset of R”. A function f: U — R™ is differentiable
at zg € U if there exists a linear map T : R® — R™ such that
Jigg W (@0 + B) — f(zo) — T(h)|
B0 1]

In this case, the linear map T is denoted by (D f)(zp) and called the total derivative
of f at zg. Let f : R? — R? be the map

Flz,y) = (- 4% 2° + 7).
(a) (10 Points) Use definition to show that f is differentiable at (1,1).

{b) (56 Points) Find the matrix representation of the linear map {Df)(1,1) with
respect to the standard basis for R2.

=0

(6) (15 Points)
" (a) (7 Points) State the implicit function theorem.
(b) (8 Points) Can the equation

(22 + 42 + 23)/? = cos(z2)
be solved uniquely for y in terms of (=, z) near (0, 1,0)?

(7) (15 Points) Use Green’s Theorem to evaluate the contour integral
j{ —z?ydx + zy?dy
c

where C is the circle 2?2 + y? = 1 going couter-clockwise.




