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Notice. In the following problems, the symbols R, R™*!, and R™*" are reserved for the fields of all
real numbers, the set of real column vectors of size m, and the set of real m x n matrices, respectively.

Problems.

1. [10 points] Let Ps = span{l,z,z2,7%} be the set of all polynomials with real coeflicients of
degree less than or equal to three with the inner product

< f(z),9(z) >= /_lf(sc)g(a:)dm.'

Find an orthonormal basis of Fi.

2. [10 points] Let A be a real n x n matrix with eigenvalues Ay < ... < A, and its corresponding left
and right eigenvectors u; and ; for z’ =1,...,n, respectively, i.e., v; A = \u] and Avy; = Ny
fori=1,...,n. Show that > 7 vu isa nonsmglﬂa:f matrix.

3. [10 pomts] Let V be a vector space over R with an ordered basis a = {1,z} and let T be the
linear operator on V defined by

T(1) = =5+ 4z and T'(z) = =9+ 7x.

Find the Jordan canonical form and a Jordan canonical basis for 7'
4. ]30 points] Suppose V' = R?*%. Let V; and V; be two subspaces of V defined by

b 20+ 3b 0
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(a) {10 points] Determine the dimensions of ¥} and V5.
{b) [10 points] Determine the dimension of V; + Va.
(c) [10 points] Determine the dimension of V; N V.

5. [20 points]
(a) [10 points] Let 7 : R® — R3 be a linear map. Prove or disprove that the dimension of the
null space of 7" must be larger than or equal to 3.

(b) {10 points] Let ¥; and V5 be two subspaces of RS such that dim(V;) = 4 and dim(V3) = 3.
Prove or disprove that V] and V, have a nonzero vector in common.

6. [10 points| Let vi=[1 1 0], vz =[1 0 1]  andvg=[0 1 1] be a basis of the
vector space R3. Let {uy,us, uz} C R be a set of vectors satisfying

1, ifi=]
Ter, — + 1
WW—{QiH#j

Letw={2 1 3 ]T. Compute the products < w,u; >, < w, g >, and < w,uz >.

7. {10 points] Let P, = span{l,z, 2%} be the set of all polynomials with real coefficients of degree
less than or equal to two and T be a linear operator on P defined by T'(p) = p, the derivative
of p. Find the minimal polynomial for 7.




