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1. (12 points) Find the rank of the real matrix

3 8 -2 -1
8 6 —4 2
-9 -9 6 3
1 0 0 2

2. (10 points) Let A and B be 9 x 9 real matrices such that AB = —BA. Show that A
or B is not invertible.

3. (16 points) Let R denote the field of all real numbers, and let T: R? — R? be the
linear transformation defined by

T(a,b) = (3a + 5b,a — 2b)

for all (a,b) € R%. Let 8 = {v;,vs}, where v; = (1,—2) and v; = (3, —1). Describe
the matrix of T with respect to the ordered basis 8 for R2.

4. Consider the real matrix
2 0 14
A=|-7 18 7.

0 0 16
(a) (10 points) Find all eigenvalues of A.

(b) (16 points) Is it true that there exists a 3 x 3 real matrix B such that B* = A?
Justify your answer.

5. Let V be the real vector space consisting of all n x n real matrices. For 4, B € V,
define (A4, B) to be the trace of ABT. (Here BT denotes the transpose of B.)

(a) (10 points) Show that (:,-) is an inner product on V.
(b) (10 points) Let P € V be a fixed invertible matrix, and let T: V — V be the

linear transformation defined by T(4) = P~'AP for all A € V. Describe the
adjoint of T" with respect to the inner product {-,-).

6. (16 points) Let F be any field, and let n be any positive integer. Suppose that A and
B are n x n matrices over F' such that A and B are diagonalizable and AB = BA.
Show that there exists an invertible n x n matrix P over F such that both P~'AP
and P~1BP are diagonal matrices. :




