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Throughout the ezam, the Euclidean spaces R™ are all equipped with usual Eu-
clidean metric d(x,y) = ||x —y||.
1. A vector field V on R? is called conservative if V = V f for some differentiable
function f.

(a) (5 points) Prove that if a smooth vector field V = (V4,V2, V3) (Le. Vi's are
smooth) is conservative on some domain U C R?, then

— (% _0V: Vi _0Vs Q‘é_?}é) _
curl V.= (3;(; 92 0z oz dz oy) (000
on U.
(b) (10 points) Is the converse of (a) true? Prove it or disprove with a coun-
terexample.

2. (15 points) Let {K4}aca be a family of compact subsets of a metric space (X, d)
such that any finite intersection of K,'s is nonempty (i.e. NaerK,y # 0 for all
finite subset F' C A), prove that

() Ka #0.

aEA

3. (10 points) Prove, for s > 1, that
o0
1 L= <]
Y= e
n=1 " 1 &

where [z] is the greatest integer < z.

4. (15 points) Let {f,}. be a sequence of real-valued functions defined on a com-
pact metric space (K, d) so that

® fn= fan=0¥n

e f, — 0 pointwise.
Prove that f, converges to () uniformly.
(Hint: Problem 2 can be helpful.)
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5. (a) (5 points) State the Inverse Function Theorem for a function F : R™ — R™

(b) (10 points) Use the Rank Theorem below to prove the Inverse Function
Theorem.

Rank Theorem: Let F : R® — R™ be a differentiable function so that DFy
has rank k at some p € R". Then, there exist open neighborhoods U of p and
V of F(p), and C" maps

p: U= U)CRY, 4:V=y(V)CR™,
both invertible with C? inverses, so that

YoFop ™ Mxy,..., 28 The1, - -, Zn) = (T1,-- -, Tk, 0, ..., 0).

6. (15 points) Let f(z,y) be a function on R? such that 3 and %‘5 exist everywhere
and are both bounded, prove that f is continuous.

7. (15 points) Let ¢ : R® — R™ be a map so that

oG-Il < ellx=yll

for some ¢ € (0,1). Prove that there exists a unique point xp € R" so that

Sﬂ(xu) = Xg-




