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All vector spaces are finite dimensional over the base feld.
Let K be a field. The space of n X n matrices with entries in X is denoted by M, (K).
An operator on a K-vector space V is a K-linear transformation from V to itself.

1. (10 points) Let M € M3,(R) be a matrix that satisfies MTQM =  where

(0 I
Q= (_ A 0) .
Show that M is invertible with inverse M1 = QT MTQ.
9. Let A, B,C,D € Mn(K) and let M = (g g) € Man(K),

(a) (10 points) When C = 0, show that

_ (I, 0\ (L, B\ [A 0©
v=(53) (G D)0 1)
Deduce that det M = det A - det, D.

(b) (15 points) Show that if A is invertible and AC = CA, then det M = det(4D —~
CB).

3. (15 points) Let

5 4 2 1
0 1 -1 -1
M=1_1 .43 o
. 1 1 -1 2
Find D,U € My4(R) such that M = DU = UD, D is diagonalizable, and U — I, is

nilpotent.

4. (10 points) Let A, B, C be in M,(K). Show that the traces
Tr A[B, C] = Tr B[C, A] = Tr C[A, B]
where [M,N] = MN — NM for any M, N € M,(K).
5. (15 points) Let V be an inner product space over €. An operator T on V is positive if

it is self-adjoint and (T'v,v) > 0 for all v € V. Show that an operator T on V is positive
if and only if there exists a unique positive operator R on V such that B2 =T

6. Let V be a C-vector space of dimension n and let T, U be operators on V.
Assume that, the minimal polynomial of T' has degree n and that TU = UT.
Let Clz,y] be the polynomial ring of two variables. Prove the following statements.

(2) (10 points) There exists v € V such that {v, T(v),...,T"1(v)} form a basis for V.
(b) (10 points) The two vector spaces
CIT,U] = {p(T,U) | p(z,y) € Clz,y]} and CO[T] := {p(T) | p(z) € C[z]}
are equal.
(c) (5 points) The dimension of O[T, U] is less than or equal to n.




