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1. (20 points) Let a € R and f: R? — R be a function defined by

fgy = [ [Pl sin g when (0] 7 (0.0)
Jim 0 when (a:,y) — (0‘0)

Pind all possible a such that f is differentiable at (0, 0).

2. (10 points)
Consider the following sct:

L= {z €[0,1] | @ = 0.0b10002000b3... where b; € {0, 3} for all i € N},
Or equivalently, we can define @ € L when @ = O.a1azas... where

a, € {0,3}ifn= AL 4 1 for some k € N
p = 2
0 otherwise.

Prove that

(a). (5 points) L is perfect, ic., L is closed and all clements in L are limit
points of L.

(b). (5 points) Find a perfect set by shifting L which contains noe rational
numbers,

3. (10 points) Let E C R? be

E={0y)y e [——1#, 1yu {(w,cos %—)lz € (D,ir"l)}.

(a). (5 points) Prove that E is connceted.
(b). (5 points) Prove that E is path-comnceted, ie., for any x, vy € E, thare
exists a contimious £ : [0, 1] = E satisfies f(0) =« and f(1) =y.
4. (20 points) Let fru(e) =21 k=% (kw — [ka]). Here [2] is the integer part of
(a). (6 points) Prove that {f,(2)} converges uniformly to some function f on
R.

(b). (7 points) Prove that the discontinuities of f form a countable dense set.
(c). (7 points) Prove that f is Riemann-integrable on every closed interval,

5. (20 points) Let f be a Riemann integrable function defined on [a.b] and
g € CO(R) be a periodic function with period 1. Prove that

b ) b
lim f(:v)g(k«;v)cl:u:/ f(m)dm/ g(z)de.
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6. (20 points) Letu € C3(R3) and Au = f. Prove that

‘Zijﬂ‘/‘l‘?”*ul'2 < 7<§/ijlg+/lulg).




