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Department of Mathematics, National Cheng Kung University .

Linear Algebra . =

Answer all questions. All sub-parts are weighted as indicated. Show all your work and
properly justify your answers to earn full credit. .

Notation: R: the field of real numbers, C: the field of complex numbers.

M, (C): the set of n X n matrices with entries in C, similarly for M, (R).
L(V,W): the set of all linear maps from V to W, where V, W are vector spaces.
A*: the adjoint (or conjugate transpose) of A, where A is a matrix.

Problem 1: (10pts). Consider the following system of linear equations.

T3 — 3Ty + 23— x4+ 225=0
351 — 9Ty + 703 — T4+3x5=1
2$1~6$2+7.’E3+4.’E4—5$5=3

Find the solution set S of this linear system, including a particular solution and a basis
for its homogeneous solution set Sg.

Problem 2: (15pts). Consider C[0, 1], the vector space of real-valued continuous func-
tions on [0, 1] equipped with the following standard inner product

(f9)= /0 1 F(®)g(®)dt.

Let W be the subspace of C[0,1] spanned by {1,/%,t}. Find an orthogonal basis for
w.

Problem 3: (15pts). Let T': R* — R* be the linear map defined by
T(a,b,c,d) = (2a—b—é,—a—}-3b+2c—d,——b—l—c,a—c+3d)

Find the minimal polynomial of T'. To earn full credit, you need to explain why your
answer is minimal.

Problem 4: (20pts). Let A € M,(C) be a matrix satisfying A*A = AA*, and let
v € C” be a column vector. Show that if A™v = 0 for some integer m > 2, then Av = 0.
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Problem 5: . Consider the special orthogonal group
SO0,(R) = {B € M,(R) | det B =1 and ||Bv|| = ||v||, Yv € R"},

where R™ is equipped with the usual inner product and norm.

(a.) (10pts) Prove that for any A € SO3(R), there exists some non-zero v € R? such
that Av = v.

(b.) (10pts) Show that the statement above is NOT true for SO;(R), by providing an
explicit counterexample.

Problem 6: (20pts). Let A, B € M;(C). Suppose that B? # 0 and B® = 0. Prove
that if AB = BA, then A = f(B) for some polynomial f(z) € C|z] of degree 2.




