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Department of Mathematics, National Cheng Kung University
Graduate Entrance Exam: Advanced Calculus

Jan. 2026

. (15 points) Let f(z) = +/z be defined on [0, 1] and € > 0. Find ¢ > 0 such that
|f(z) - fly)l <e
whenever |z — y| < 6.
. (20 points) Let {an }nen be a sequence in R with |an| > 0 foralln € N.
(a). (10 points) Prove that

hm sup Ylan| < hmsup o fn+lll
T7:

(B). (10 points) Give an example which has these two values in the inequality non-equal.

. (15 points) Let X be an open, path-connected set in ]RZ.&Prove that for any differentiable function
f: X — Rsatisfying Vf(z) = 0forall z € X, f is a constant function.

4. (15 points) For any differentiable function f defined on [a, b], we define

£l = sup (If(=)]+|F'(2)])-

z€lab

Prove that for any sequence { f, }nen which satisfies || f,|| < 1, there exists a subsequence converging
uniformly on [, b] to a continuous function.

. (20 points) Let P € N be a fixed integer. For each n. € N, we define h,, : [0,1] — R by

() = 1 when Pz € Z
otherwise .

Prove that

(a). (5 points) The series Z
(b). (10 points) When K > P, prove that ) | =% h"(z) is Riemann-Stieltjes integrable.

(¢). (5 points) Compute
ha, (m)
[r=2

converges uniformly when K > P.
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6. (15 points) Let U € R® be an open set. Recall that fpt(U) is the collection of second order differen-
tiable functions f : U — R with

supp(f) = {z[f(z) # 0}
compact. For any fe CZ,:(U) , we define
Af = (02+8+2)f.
Prove that the equation
Nf=¢e"f

has no solution in C2,(U).




