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Advanced Calculus Entrance Exam Spring 2001

(1) Let f:R? — R? be given by f(z,y) = (e” cosy, €% siny).
(i) Show that Df(z,y) is invertible at every point of R2.
(ii) Show that f is not one-to-one.
(i) Does (i) and (ii) contradict the Inverse Function Theorem? Why?

(2) Let R be a bounded closed set in R? and C be the smooth boundary curve.
The Green’s second theorem states:

/./R(qu — wAu)dzdy = L(u% - wg—g)ds.

where w, u are both C? functions on R.

(i) How should you define the orientation of R, C and 7 to make the formula
correct?

(ii) How can you interpret this theorem as a formula for Integration by parts?

(iii) Let us define < f,g >p= // f(z,9)9(z, y)dzdy for any f,g € O where Q
is the vector space of all C® functions whose directional derivatives in the
direction of normal at all points of C vanish. A linear operator L : Q) —

is said to be self-adjoint if it satisfies < Lf,g >p=< f,Lg >g. Show that
the Laplace Operator A is self-adjoint.

(3) Let f be a continuous function of two variables (t,z) defined for t > g and z
in some compact set S C R. Assume that the integral

o0 . B .
[t )t = Jim | 1t z)a
converges uniformly for z € S.
o0
(i) Show that g(z) = / f(t,z)dt is continuous for z € S.
a

o0
(ii) Does /0 ze™*dt converge uniformly for z € [0,1]? Verify your answer.

(4) Let T : R®™ — R™ be an invertible linear mapping and B, be an n-dimensional
ball centered at O with radius 7. Compute

lim e~ <TvTy>gy,
7300 T‘-l (B")

(5) Let u = (ug, ug,...,un)t € R™ fi(u),j = 1,2,...,q are continuously differen-
tiable on R™. Consider :

Lp(u, ) = i Aifi(u) = (1/p) zq: Ajln Ay,

j=1 I=1
‘ _ ]
wherep>0and A€ A = {\ = (A, A2,...,2¢) 20 & Aj = 1}. Show that,
_ j=1
for each fixed p > 0 and u € R, there is a unique optimal solution:

g
Aj(u,p) = exp(zofj(u))/z1 exp(pfj(u)), i=12,...,q.
=

that maximizes L,(u, ) over A € A.

(6) Let ! be a positive integer. Define
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where 6 = (61, 63,...,6;). Further define:
—_ 1 i<8,(z—y)> 70
p('n'7 z, y) - (27,‘_)1 /ée- (D (0)d97
where 7,y € R}, Q = {8 -7 <6, SmVm=12,...,l} and < 4, (z ~y) > is
the usual inner‘product in R’. Consider
o
9(z:y) = 3 p(n, z,y).
n=0
' 1 do .
. < .
(i) Show that g(z,y) < L /Q T=150)] 10%
(1) Show that, there exists a neighborhood U of the point 8 = (0,0,. .., 0)in 10%

which

/ dé < / 41de
vl-|e@) " Ju6i+6+.. 467
(Hint: Use the first two terms of Taylor’s expansion for each cos ;.)

(iii) Use (ii) to show that g(z,y) < oo for [ > 3. (You may first try [ = 3 using 10%
Spherical Coordinates) ’




