Note. The density function of Geo (p) is given by

l—-p), 2=0,1,2,..., 0<p<1,
flz;p) =

0, ow.
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1. Let X be an exponential random variable with parameter A.
(2) Find P{[X —EX! > 20x). (5%)
(b) Prove that Pla < X < a+A) S PO< X <) (e8> 0). (5%)
(¢) Is it possible that X satisfies the following relation?
P(X <2)=2P(2< X <4)
If so, for what value of \? (10%)
Note: The density function of the exponential r.v. X is given by
AeTM >0, A>0,
fz:A) =
_ 0, o.w.
2. Let X be a non-negative random variable with distribution function F.
Define
1, X >t
I(t) =
0, ow.
+oc
- (a) Prove that / It)dt = X. (5%)
0
- pteo
(ml%memeEX=/" (1 — F(e)] dt. (10%)
o
+ oo
(Ql%memm&mr>&EXT:r/ N1 = F(t)] dt. (5%)
+ oo ° +oa
(d) Prove that »_ P{X >k} < EX < > P{X > k). (5%)
k=1 k=0
3. Let X,Y be independent and geometrically distributed with parameter p,
Geo (p).
(a) Find P(Y > X). (5%)
(b} Find P(X =Y) and P(X > V). (5%)
(¢) What is the distribution of Z = max{X,Y}? (5%)
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4. Let {X,Y) be a continuous random vector with joint density function

ze R 250, ¥y >0
flz,y) =

0 ow.

(a) Find the conditional density function of X, given that ¥ =y (> 0).

(b} For Y =y (> 0}, find the conditional expectation, E(X!y), and

vairance, Var (X |y).

5. Let X and ¥ be two independent uniform random variables over (0,1).

Show that the random variables
U=cos(2rX}/-2InY
V =sin(27 X )v-2InY

are independent standard normal random variables.

6. Let {Xf}ieN be a sequence of i.i.d. r.v.’s with finite second moment. Let

2 T
YVi=o—— X,
n(n+ 1) ;z

Show that ¥, -2 EX;.

(10%)

(10%)






