BLENAEATEZEFERLHER LA RRA # /B B/R
Rt T 46 R EEREARS BE  EEHme

FAREEETLGEEHNM . TR - MRTES  (WaEEoE)

1. (10 points) Let g, : I = [0,1] = R be defined by ga(x} = nx:—I

I=1{0,1] and, if it converges, determine whether the convergence is uniform.

. Determine whether g, converge on

2. (10 points) Let f : I = [a,b] — R be (Riemann) integrable on I and assume that f is continuous at ¢ € (g, b).

Prove th . 1 c+r
ve aty_%gjc_r f(x)dx= f(c).

3. (10 points) Let D be the rectangle in R x R given by D = {(x,£)ja <x < b,c <t < d}. Let f and its
partial derivative f; be continuous functions defined on D, and F be a function defined on [c,d] given by

b b
F(t)y= f f(x,£)dx. Prove that F has a derivative on [c,d] and F'(¢) = / fi(x,Hdx.
a a

4. Let sup$ denotes the supremum (or the least upper bound) of S, and infS denotes the infimum (or the
greatest lower bound) of §.

(a) (6 points) Let I = (a,b) be an open interval in R, and let f and g be continuous functions defined on
1. Prove that the function & : I — R defined by h(x) = sup{f(x),g(x)} is continuous on /.

(b) (6 points) Let X and ¥ be non-empty sets and let f: X XY — R have bounded range in R. Prove that
sup inf f(x,y) < inf sup f(x,y).
y y

5. Let F : R5 — R? be defined by F(u,v,w,x,y) = (uy+vx+w+ 2%, uvw+x+y+1), and note that
F(2,1,0,~1,0) = (0,0).

(a) (6 points) Show that we can solve F(u,v,w,x,y) = (0,0) for (x,y) in terms of («,v,w) near (2,1,0).
(b) (6 points) If (x,y) = ¢(u, v, w) is the solution of the preceding part, show that D$(2,1,0) is given by
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6. (10 points) Define a sequence of real numbers (xn) by x0 = 1, and x4 =

, for n > 0. Show that
2+ xp

(xs) converges and compute its limit. {Hint: Use the contraction principle.]

7. Let f : R — R be a differentiable function with .1132- flx)=0.
(a) (10 points) Show that there exists a sequence X — e with im f{xs) =0.
(b) (6 points) Show that it is not necessarily true that f'(x) is bounded.

8. Let f, : R — R be differentiable for each n, so that '

Ifi(x)! <1, forallx€R,n=1,2,.

(a) (6 points) Prove that the set {f,} is uniformly equicontinuous on R. [Hint: A set # of functions on
K to R” is said to be uniformly equicontinuous on K if, for each & > 0 there is a §(€) > O such that
ifx,y € K and ||x—y|| < 8(¢) and f € #, then || f(x) - <el

(b) (6 points) For each n, let fy(x) = fu(x) — f(0). Prove that {f»} is uniformly bounded on any closed
interval {a, 5] C R. .

(c) (8 points) Suppose that g : R — R is such that for each x € R, ’}5130 fa{x) = g(x). Prove that g is
continuous. '




