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Instructions:

R: the set of all real numbers.

N: the set of all positive integers.

You can use any common notations, such as im, o, or limsup, ., sup S, ete.

1. (20%)
(a) Find the limit inferior and limit superior of the sequences {a,} and {b,},
I Y s
where a,, = T and by, = 1+ (—1) ]smT,for neN.
(b) Find the infimum and supremum of the sets of real numbers S and T', where
s=(z>o=3z2-sz-3so}andr={¥:o<zs )

2. (16%) A sequence {a,} is called contractive if there exists 1,0 < r < 1, such that
|an41 = an| < rlag — @n-y), for all n > 2. Let {b,} be a sequence satisfying
b = %(bg +1), forn 1,
and 0 < by < 1.
(a) Prove that the sequence {b,} is contractive.
(b) Show that lim b, exists (this is difficult) and find the limit b (this is easy).
e
(c) Take b; = 4. Determine the minimum n such that b — b < 1073,
3. (14%) Prove or disprove that the following functions are uniformly continuous via
€ — § argument.
(a) f(z) =s%onR,
(b) g(z) =3, on [},1).
4. (14%) Prove or disprove that the following sequences of functions are uniformly
convergent.
2
@ Forn €N, fo(a) = 2% 2 ¢ p,c0).

(b) For n.€ N, gu(z) are defined on [0, 1] by

n*z, 0<z<1/n
o(z)=1¢ 2m-n*s, 1n<c<2n
0, 2n<z<l.
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5. (15%)

0 1
(a) Evaluate the integrals / / e ™ — zye ™V dydr
o Jo
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(b) Why are the above two integrals different?
6. (10%)

(a) Let f: .S — R™ be a function defined on an open set S C R with vector-
values in R™. What is the definition that the function f is differentiable at
¢ € S and denote the total derivative by Df(c).

(b) Suppose £: R? — R is defined by
f(z,y) = (sinz cosy,sin(z +y), cos zy).

Determine the total derivative Df(z,y).

7. (12%) Let ((s,0) = ) (n+a)™, 0<a<ls>1

n=0

(a) Show that the series converges absolutely and prove that
s h
Y odls, ) =kGLe), ik=1,2,...,
h=1 k

where ((s) = ((s,1) is the Riemann zeta function.

(b) For s > 1, prove that i(‘ii — (1= 20 (s).
n=l
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