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Show your steps clearly. Except for Problem 2(a), credit will be given for all the
steps and derivations leading to the final results of the calculations.

1. Let f be an arbitrary function, f'(x)sfgg-x—), and f-" be the iﬁverse function of f . Derive the
x

results of the fo]lo“?ing differentiations and integrations, with the answers expressed only in terms of
. f', £ and elementary functions: (20%)

@ LN 5y ®) —:;( @) (5%)
£ f—i{x) d 2y
de———2— (5% d) —| | def(x %

2. A water bowl, as shown in the figure below, is in the shape of a hemispherical (half sphere) surface of
radius R. With the +z direction defined to be vertically upward, the bowl is azimuthally symmetric
about the z -axis. Hence, R is also the height of the bowl. When the bottom of the bowl is placed on
the z=0 plane, its surface corresponds to the equation x*+y? +(z—=R)* =R? for 0Sz< R. (15%)
(a) Without the need of derivation, give the volume of the water bowl. (3%)

(b) When the bowl is being filled with water, the water volume, ¥, is a function of its height in the
bowl, /. Set up an integral (either single, double or triple integrals) to represent the function V'(h),
“assuming that the thickness of the bowl is negligible. Then solve the integral to find ¥ (k). In
particular, confirm that F(R) is the volume of the bowl from Part (a). (12%)

3. Solve for the integral = [F-dt, where F=xy’#+x*yp~z*2 and ~ x*+y*=R2
: _

de goes counter-clockwise once along Contour C as shown in the
figure on the right, where C corresponds to the circle with equations
'{x" +y' =R

F=

. (15%)

Contour C
Inthe planez =0
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4. Let A=

k) W

01
1 3 |. Answer the following two parts of this problem related to A. (30%)
03

(a) Find all eigenvalues of A together with their respective eigenvector. (15%)

(b) Consider the following system of differential equations:

@=3u+w
dt

@=2u+v+3w 4.1)
dt

‘Z—T =u+3w _ )
where %, v and w are functions of ¢, i.e. u =u(t), v="(f) and w=w(t). Notice that (4.1), the
system of differential equations, can be expressed in matrix form:
L
dt 2
u
with x=| v |. Find the complete general solution for u(t), v(7) and w(t) in the system. Show .
w

your derivation or explain the reasoning of your work for full credit. (15%)

5. Consider the equation

&F  O'F

—+4 =0,

&

_ _ . fogx<1 Py ,
where F = F(x,y) is defined in the domain . Using the F(x,1) = 3sin(mx) - sin(3mx)
_ 0<y<l 01 el @y

method of separation of variables, solve for F(x,y) under the - -
following set of boundary conditions, which is also shown in the 1 =
figure on the right: B Fen=? |3

F(0,)=0; F(x,0)=0; g °

X

F(l,y)=0; F(x,1)=3sin(xx)-sin(37x) .

(20%) (0,0) F(.‘I.'. 0)=0 (1.0)




